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FOREWORD 


I have great pleasure in writing this foreword to the 
book ‘Tlieory of Equations’ by Prof. M. L Khanna, A. 
of Meerut College, Meerut. Pr\)f. Khanna in an experienced 
teacher and has earned a high reputation as such^ by dint 
of his ability and merit. It is needless to say that any book 
tliat comes out from his pen j^vill have something which 
every student of the subject will like and which will be of 
immense benelit to all. T h.ive gore through this book and 
lie VC found it of high order and I can safely say that it will 
n<)t he inferior to any other book on the subject available in 
the market. 


He has written the book with the sole desire of helping 
the students. His method of explaining the various articles 
and his Solution of many important examples will go a long 
way to'make the students understand clearly the subject. 
I strongly recommend the book to all those for whom it is 
meant. 


Agra Collge, Agra 
30 . 7 . 55 


Dr. M. RAY, D. Sc. 
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LISTS OF IMPORTANT FORMULAE 

List A. CHAFTER 1. 1—18 

A General Properties of Eq[uations. 

I. Factor theorem. If a a root of the equation 
/(.v)=aO, then the polynomial f {x) is divisible ^by (x —a) 
{i.e. there will be no remainder). Conversely if the 
polynomial f {x) be divisible by {x — ol), then a is a root; of the 
equation/ (x)== 0 . (P. 3) 

a. In an equation with real coefficients, imaginary 
roots occur in conjugate pairs. (P.' 4) 

3 . Every equation of odd degree has at least one real 

root. (P, 5) 

4. In an equation with rational coefficients irrational 

roots occur in conjugate pitirs. (P. 5) 

5 . Every equation of rtth degree has n roots.and no 

more. (P.5) 

• 6. If /(a-) be divided by (jr—/t), then the remainder 
R—f (h) and it will bo zero if /r be a root of the equation 

(P.8) 

7. The common roots of two equations/( a)= 0 and 
(x)=0 are obtained by finding the H. C. F. of / (ic)—0 and 
•A (.v).-=0. (P. 8) 

ListB, CHAPTER II 19—35* 

Relations between the roots and coefficients. 

1 . If aj, ag, ag.. .an be the roots of the equation 
+ + = 

then Scti—i-lY-, raja 2 =(-l)** 

Oq Gq 

Oq 
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and aia 2 « 3 . .a„=(-l)" ^ 

2 * For the equation <34=0 

whose roots be a, /?, y, 5, 

«o 

27a/?==(a-f jS)(7 + 5)4-a,G4-y8= - 

flo- 

.2'a^y=a/J(y+8)+v8(«+;3)=-~‘‘» and a/3Y8=-< .,_ , 

• f/o <Io (P. 21) 

C. CHAPTER IIL IbV -8‘2 

Transformation of Equations 
X. Equation whose roots are reciprocals of the 

roots of ^ giv^n equation is obtained by putting x= m 

y 

the given equation which in turn means that 've take lu'-'t 
coefficient to be 1st, la^t but one to be ‘2nd and so on when 
the given equation is complete. (P, 35 ) 

2. Equation whose roots are the roots of a^ given 

equation with sign changed is obtained by putting 
x=—jin the given equation which in turn means that 
we change the sign of 2nd, 4tb, 6th. . A. e. all even terms 
or by changing the sign of every alternate term beginning 
from the 2nd. (p- 37 ) 

3 , Equation whosRe roots are the roots of the given 

equation multiplied by a constant m is obtained by 

y 

putting the given equation which in turn means 

that we should multiply the successive terms beginning from 

the 2nd by .m” respectively when the 

equatiop is complctco (P. 39 ) 

. 4. Equation whose roots are ^ the roots of the 
given equation diminished (of increased) by h. In 

order to find the successive coefficients of the transformed 
equation, divide the given complete equation by 
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the quotient again by {x-^h) and so on. The successive 
remainders that are left in the aboye procedure of division 
are the required coefficients. The first coefficient being 


the same as that of the given equation. .{P* 43 ) 

5. Binomial coeflUcients. 

If .fl„=(fbe 


an equation of «th degree with binomial coefficients, then 
the equation whose roots are the roots of this equation 
diminished by h is 

. 

where ^ 0=^0 other A's are the values of polynomials 

with binomial coefficients of 1st, 2nd, 3rd, 4th.degree 

after x is replaced by II 

i.e. -d3=((2Qx3-f-3flix24-3a2^+a3) for^x—/« . 

=ao/?H3fli/iH342/i+03 (P. 50) 

6. Important symbols. 

/!/-“ < 2 q CZj 

Cl ^2 

G=flo2^3-3ao«ifl2+2ai*'*= 0 Cq Aj 

, Cq Cl ^2 

2<7i <22 ^3 

/ = flofl4 ~ Iflifla-f 3fl2® 

«^~^0^2®4"f"2<2j<22<23““ flfl Oj O 2 • 

<22 <23 

<^a <23 < 24 * 

The above symlx)ls ase for those equations which are ‘ 
with binomial coefficients. (p- 51 ) 
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The following points may be noted in writing the 
values of the symbols :—« 

(i) Sum of all the -five coefficients 

—sum of the all — ive coefficients. 

(ii) Sum of the suffixes of the letter ‘a’ in each term 

is same i. e. and sum of suffixes is 

1+1+1—3 etc. 

(iii) €um of the exponents of letters ‘a’ in each term 
is same. 

(iv) Important. (P-5*) 

7 . The cubic 0 is reduced to 

the form z^+'6Hz+G=0 where and the roots of 

the z cubic are 


3. 


(2a-/3-v), I (-2(3-y-a), 


(‘2y-a-/3) 


where a, J3, y are the ft)ots of the «-cubic. 

ATso +3//-:+G= J {x). (P. 5 *) 

8 . The biquadratic 

is reduced to the form ^*4 ao®/-3//.^ wh'ere 

ZssiaQX-{-ai and the roots of the z equation are 

(3a-/3-y-S), etc., 

where *, y, S are tlje roots of the * biquadratic. 

Also ^+6Hz^+iGz+a„H~m^=a^of(x). (P.54) 

9 . Equation of squared difference. 

The equation of squared difference of the cubic 
x®4gx4r=0 is 

j^+Qqy^-}-dq^y-]-{21r^-j-4g^)=0. {P, 8 o) 

• * ' 

If the equation whose roots ^ are \ a, /9, y be 

flo*®43fliX*43fl2* h<* 3 = 0 » then the equation ’ whose roots 

are etc. is e®41S//^®491f^®<2427CG^4*4/f®)—0 
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where is denoted by A and is called the discrimi¬ 
nant of the cubic. (P. 8o) 

lo. Nature of the roots of the cubic. 


(i) < 0 All roots real, 

di) > 0 Two imaginary. 

(iii) Two equal. 

(iv) G=0, //=0 * All equal. 

List D: CHATTER IV. 8?—Ill 


'P. 8o) 


Symmetric Fccctlons of the Roots. 

X. Some standard syxnmetric functions of the 
Ycots oc, Y of a cubic. 

(i) i7fl^/8s=:i7a.Z'a/3 — 

6 3-3 3>1 

(ii) 2:a8==(ra)2-2i:a/3 

3 0 2.3 

(iii) 2'a»»=ra.i:a»-2:a»j^ 

3 3-3 6 

(it) — 2ajS7i7a. 

• ^ 3 9 2.3 

(v) 2?a®iS=2'a®.27a/8—a/SyZ'a. (P. 83) 

6 2.3 3 


Some standard symmetric functions of the roots 
a, /3, y, S of a biquadratic. 

(i) i;aj3 - SHafty, 

12 4.3 S>4 


(ii) i7a®;8y=2]'a.2I'a/8y —4a^y8, 

12 4 4 4.1 


(iii) - 6ai0y8, 

(i V) i^a*/8=: . Za/S - Za , 

(V) 2: 

(vi) Ztt‘P‘y’>={Saipy'i‘-2^yS.£xP. 


(P. 9*) 
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3. Newton’s Theorem on the sum of the powers 
of the roots of an equation. 

The sum of the similar powers of the roots of an 
equation can be expressed rationally in terms of the 
coefficients. 

^o^2‘4‘ "}■ 2^2 ~ 0, 

ao'^3+^i-^24‘Vi4-?^3=^> etc. 


wherf ^r=a’'-l-^'’+ 7 ’'-f-- (P-99) 

List E. CHAPTER V, 112—149 
I. Solution of Cubic and Biquadratic. 

If {x-p)^-\-B {x-q)\ then p and 

q are the roots of 


1 -X 


' C 


(Z 2 

Clf\ 


=0 


and it is called Hessian of the given cubic and its value can 
also be put in the form 

0y 0!/ r dv v_.. 

• 




where /(x, 

2. Euler’s solution of the biquadratic. 

If /(A:j=flQX^-f-4aj<t®4-6fl2-^^+4a3Jf+a4=0 be reduced to 
the form ^*-^-G//^®+46?4:+^o^/— 3 //®= 0 , then Euler assumed 
z=^yp-\-y/^+y/r for its root, where p, q, r are the roots of 

the Euler’s cubic 


/ - j =>0. 

^*utting t-\-H^a^d, we obtain the equation 
t 4flo^6^®— IqqB -{-»/ 0 

which is called the reducing cttl>ic of the given equation. 

(P- 13a) 
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3 . Relations between the roots of Euler’s cubic and 
the given biquadratic whose roots^ are a, y, 8 . 

i!-=^09+Y-«-8A 

?=^g(y+oc-/3-8)» 

(«+/5-v-8f. 

10 ^ (P. 134 ) 

4 . Relations between the roots of reducing cubic and 
given biquadratic 

120i=(y-a)(iS-S)-(a-/S)(y-8), 

12 ^ 2 =(a -/3) (y - 8 ) - (/3 - y) (a - 8 ), 

J * 2 ^ 3 - y) (a - S) - (y - a) {(3 - 8 ). (P. 137 ) 

5 . Tile expression d=/®-27-/® is called <he Discri- 

miiunt of the biquadratic and • • 

< (a-Y)" («- 8 )^(i 8 -Yf JB-Sf (y-8)i=2564. 

6 . Descarte’s Method :— 

A biquadratic can be reduced to the form 

and since its 2 nd term is missing ia-f-jS+y+S =0 or 
a+/3=-(y4-S) and in Descarte’s method wo put 
f{z)—{z^-pz-\-q){z^+pz+q') and by comparing the 
coefficients and then eliminating q ajid q^ we obtain 

and putting p^-\-AiH=4ca^d, we get the 3 educing cubic 

4flo®6>«-/flo04-J=O. (P. 141 ) 

7 . Ferrari’s Method. 

If f{x)=:ax^^Abx^+i3cx^-\'A.dx-\-e=i(), then 

/(;()=i{(a**+24;if+c+2a9)*-(2A/*+JVf}. (P. i^) 
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List F. CHAPTER F/.- 150—177 

CHARACTER AND POSITION OF THE 
ROOTS OF AN EQUATION 

X* Descarte’s Rule of Signs. 

An equation /(a;) =i 0 cannot have more positive roots 
lhanihe number of changes of signs from + to - or from 
— to “1“ in terms of its first member. (p. 150) 

2. CLange of sign of f (x). 

If f{a) and f{b) be of opposite signs then at least one or 
an odd number of roots of th^ equation/(.v)=s0 lie between 
a and b. In case they are of the same sign then either no 
real root or an even number of roots of /(a:)= 0 lie between 
a and b. (P. 152) 

3. Every equation of even degree whose last term is 
negative aiid the coefficient of the first term positive lias 
at least two real root^one -j-ive and one — ive. (P. 154) 

4. If an equation has only one change of sign it must 

have one -hive root and no more. (P. 155) 

5. If all the terms of an equation are +ive £fnd the 

equation involves no odd powers of x, all its roots are 
complex. (P. 155) 

6 . If all the terms of an equation are -hive and all 
involves odd power of x, then zero is the only real root. 

, (P« *55) 

7. Multiple rootii. 

If an equation /(«)=*=0 has exactly /n roots equal to 
a, then/(x) audits first (m-1) derivatives all vanish for 
x=a but the mth and all the following derivatives do not 
vanish. 

Conversely. *If^/(x) and its first (m— 1 ) derivatives 
vanish for x=a, then^/(x)=s 0 has n roots equal to a. The 
multiple roots of f{x)sa.O are defeermined by finding the 
H. C. F. of/(x )=0 and/'(x)=s 0 . (P. 157) 
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8 . If / (x) is Max. at Af=a, then/'(a)=0 and /"(a) — ive. 

If / (at) is Min. at then f\oL)^0 and J "(a) -five. (P. 170) 

9. Rolle’s Theorem, 

Between two consecutive real roots of the. equation 
/(a:)=0 there lies at least one real root of the equation 

/ '(*)=0. (P**73) 

10. Between two consecutive roots of the equation 

f\x)=iO there lies at the most one real root of the equation 
f{x)—0 or there may not lie any. (P. 174) 

List G. CHAPTER VII. (178—198) , 

Sturm’s Theorem 

I. Sturm’s functions. 

If f{x) be a given function and f\x) be its first 
derivative and/ 2 (x),/ 3 (x).be the remainders with 
sign changed in the process of finding the *H. C. F. 
<^f /(''^) 3-nd f'{x), then the (n+1) functions 
fz{x)y\f z{x)... .f^{x) are callAl Sturrft’s* functions and the 
(«—1) remainders with sign changed i. e. f • • •fn(x) 

arc called auxiliary functions. (P. 179) 

2.. Sturm’s Theorem—unequal roots. 

If /(jf) is a polynomial and a and b be any two real 
numbers, then the number of distinct real roots of/(*)=0 
lying between a and b is exactly equal to the difference 
between the number of changes of signs when x is put 
equal to a and the number when x is put equal to b in the 
{«-f 1) Sturm’s functions/ {x),f'{x), f^ix) ... ./„(^). (P. 179) 

3. Sturm’s Theorem—equal roots. 

Ifbe an equation having equal roots and the 
Sturm’s function be found as /, /', .. .fr the last of 

these being the H. C. F. of f{x) and f\x\ then the diffe¬ 
rence between the number of changes of signs* when 
a and b are substituted# in the funefions is equal to tlie 
number of real roots of the equation /(x)=0 which lie 
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between a and each multiple root being counted once 
only. (P. 182) 

4. (a) If any of Sturm’s function has its roots 
imaginary, or is a perfect square or is always positive for 

real values of x, we shall stop further calculation. 

(b) If the last of the Sturm’s functions be numerical 
we n'eed not calculate it. 

Put /n-i=0 and find the value of x and put it in /„_2 ; 
then the sign of /„ will be opposite to the sign of /„- 2 . 

(P. 183-84) 

5. „ Condition for all roots real. 

In case the equation has all its roots real then the 
leading coefficient of the (a-fl) Sturm’s functions should 
be '“hive. 

List H. CHAPTER VIII. 198-280 
^ Solittion of Numerical Equations 

1. An eq^iation with integral coefficients and having 
unity for the coeffioiept of tlje first term, cannot have a 
commensurable root which is not an integer. The integer 
roots of such an equation is a factor of the absolute term 
and is obtained by Newton’s Method of Divisors. ' 

(p- >99) 

2. Restricting the number of trial divisors in 
Newton’s Method. 

All those trial divisors i. e. the factors of absolute 
term which when increased by one fail to divide/( — I) 
and which when decreased by 1 fail to divide /(I) should 
be rejected. (P. aoa) 

Repeated roots. 

In case A be a double root, then A* must be a factor of 

the last coefficient and h that of the last but one. If h be 

a triple root then A*, A* and A should be factors of last, 
last but one, and last but two coefficients respectively of 
the given equation. "" (P. 203) 

* Homer’s Method. 

See working rule. (P. 209, 210, 213, 218) 
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GENERAL PROPERTIES OF EQ.UATI6NS 

§ I. Rational, Integral, Algebraic Fun<;tions Sf x. 

Algebraic function of i:—A fuiiction/(^) is said to be 
an algebraic function of x, if it involves only* the opera¬ 
tions of addition, subtraction, multiplication, divisim, 
involution and evolution wkh constant exponents. For 
example, 

ax^+dx+c, (‘2A;-f8) (8x-f4), 
cx-j-a 

etc. are all algebraic functions of x. Functions of the form 
tan“^ X, log X, sin x, etc. are knowii as transcendental 
functions of x. 

Integral function of x :—A function of x is said to be 
integrS.1 function of x, if the quantity x does not occur in 
the denominator of a fraction or it never appears with — ive 
power. For example, }x4-| is an integral function of 

X. It may be noted here that the fractional coefficients 
do not change the integral character of the function. 

5 

On the other hand a function —-f 7 is not an integral 
function of x. 

Rational function of xA function is said to be 
rational function of x, if it involves only the operation of 
addition, subtraction, multiplication, and division only i.e, x 
or any operand ' containing x is not subjected anywhere to 
the process of rAot detraction. T<hus Is a 
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rational function of x. It may be noted here that the irra¬ 
tional coefficients do not change the rational character of the 
function. On the other hand a function is an 

irrational function of x. 

Thus / ... -f is said 

to be h rational, integral, algebraic iunctiori of x where the 
coefficients as are all independent of x and that the nature 
of those coefficients do not change the above character of 
the function. The above function is of nth degree (n being 
assumed to. be -five) is called a polynomial. 

Sign of the polynomial. 

For small values of x the sign of the polynomial is the 
same as that of the last term {i.e the lowest degree term) 
in it. 

For large values^ of x its sign will be the same as that 
of the highest degree tbrm in it. f 

Algebraic equation. 

f {x)—0 i.e. .. . 'f 

is called an equation. 

The above equation is said to be complete when it con¬ 
tains the terms involving all the powers of x from ji to zero; 
otherwise it is said to be incomplete. An incomplete 
equation can be made complete by supplying the missing 
powers of x with zero coefficients, e.g. 

* x4-f3Ar2-f 7x-U==0 

is incomplete as the term of x^ is missing. It can be ex¬ 
pressed as 

xH0x»-f3x2-f7x-9^0 
which is now compltete. 

Roeft of an ecfuation. A value of x which when substi- 
• tuted in the equatioif reduces it to an identity is called a 
root of the equation. 
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Solution of an equation s—The determination of all 
the roots of a given equation mehns the solution of the given 
equation. 

Degree of an equation :—By degree of a given equa¬ 
tion we mean the highest power of x occurring in the given 
equation. Equations of different degrees have got di^erent 
names, e.g. 

An equation of ist degree is said to be linear. 

An equation of 2nd degree is said to be quadratic. 

An equation of 3rd degree is said to be cubic.* 

All eejuation of 4tli degree is said to be bi-quadratic 

or quaiiiic. 

An equation of 5th degree is said to be quintic. 

An equation of 6th degree is said to be sextic. 

An equation of nth degree is said to be quantic. 

■ * 

Theory of Equation^: Theory of equations is that 
branch of Mathematics which deals with the solution of 
equations. 

^ 2. Various Theorems. 


2*1. Factor theorem: If tx. is a root of the equation 
f {x)—0, then the polynomial f (x) is divisible by (x-ac) (i,e. there 
will be no remainder). 


Conversely : If the polynomial / (x) be divisible by 
(x —a) then a is a root of the equation/(x)==0. 


Proof: 

/ (^)-o. 


We are given that a is a root •of the equation 


/(«)-0 


(1) 


Now divide / (x) by (x - a) and l^t the quotient be* 
denoted by Q, and remainder (which* will not involve x) by 
/?; then • / (x)^x- «) .;.(2) 

Putting x=a, in both sides o#(2), we get / (a)=/2, but 
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from (l),/(a)=:0. /. i2==0 there wiU be no remainder 

and as such / (x) is divisible by (x - ah 


Note :—It may be noted here that in case a is not a 
root of the equation i e, f {ol):^0 ; then /(a)=/2 where R is 
not zero and hence we conclude that the value of a 
polynomial when x be substituted for a is equal to 
the remainder which is left when f (x) is divided by 
(x-a). 

Converse. In this case./(x) is divisible by (v—a) i.r. 
/(^)=(.v-a) d. 


• Putting x=o in both sides of above, we gct/(a)=0 
which clearly shows that a is a root of the equation 
/(x)==0. 

2*2. Theorem In an equation with real coefficients, 
imaginary roots occur in corrugate paj rs. (Agra 56, Punjab 54) 
i.e. if a-f*/? (jS 7 ^: 0 ) be a root of the equation /(x)=0 in 
which the coefficients are real, then a-ip must also be a 
root of the equation / ^x)=0. 


Since a-fijS is a root of the equation / (x)=0, 

.*. / (<x-f-i/3)=0 .. 

Let us divide / (x) by [(x-a)®+j8^] i.e. [{x-— 
or by (x — a+ijS) (^ —a—ijS) and let the quotient be denoted 
by d ^iid the remaindeip which will be of first degree be 
denoted by Rp<f^R'. 

/. f{x)=^[{X-OLf+P‘^]d + Rx+R' 
or /W=[(^-a+i/8) {x-oL-ip)] d+R^-i^R' .(‘^) 


Putting x^aL-\-ip in both sides of (2), we get 
/(a4-iiS)=:0+i2 {0L+iP)+R\ 

But from (i), / (a-f-t/ 3 )=p. 

/: R{oL+ip)+R'^0 


or 


.(3) 
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Equating real and imaginary jitirts in (B), we get 

.(4)- 

R • ^ 0 ••• f t m f 

Now j8 cannot be zero for otherwise the root wdlhbe 
real and hence from (5), we get i?—0 and therefore from (4) 
we get R' —0. 

He nee f {x)=[{x-a-]-ip) {x-ol- 1(3)] Q,. 

P'rom above wc conclude that / (a:) vanishes for 
A:=a-i/3 and as such a-ij8 isalso a root of the equation 
/W=0. 

Cor* Every equation of odd degree has at least one real 

root. 

W c have seen tlvit imaginary rcjots occur in conjugate 
pairs and their product gives rise tc a' quadratic factor of 
the form (.r —of the equation /(.v)—0 vvliich being 
of odd degree must have at least one linear factor and hence 
one real root. 

2 *3. Theorem. In an equation with rational coefficients 
irrational roots occur in conjugate pairs i.e. if a-\-yh (b being not 
a perfect square) be a root of the equation f (x) =-0, then (a—y/b) 
is also a root of that equation. 

Proceed exactly as in Theorem (^2) by dividing / (r) by 
{x — af-b t.«. by or hy {x-a-(x-a+yfb) 

etc. and ultimately in step (B) equate rativtnal and irrational 
parts. 

a*4. Theorem. Every equation of nth degree has n roots 
and no more. 

Let us assume liere that every equation of the type 

/.( 1 ) 

has at least one root. Let cti be such a root of the equation 
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/ (x)=0 and as such f{x) must be exactly divisible by Af-oti 
[Theorem (2).] 

/(^)=(^“ai) W, where (x) is a polynomial of 
(«-l)th degree. Again (x)=0 must have a root say ag 

an(J as such (x) must be divisible by (.v-aa). 

/. 01 (^)=(>f-a 2 ) 02 (^) 

or / {x)={x - ai) {X - aj) tp^ {x), 

where 02 W is a polynomial of («-‘2)th degree. Continuing 

as abiwe we get /(;t)=(A;-ai) {x — oi^) . 0 nW where 

tptiix) is a polynomial of (n-n) i.e. zero degree i.e. it does not 
contain x which means that it is a constant. On comparing 
the coefficients of x^ on both sides, we find that 

flo= 0 nW- 

t 

Heiice / {x) =Co (^ - “i) ~ aj),.. {x - a„) .(2) 

Now if X be put equal to any one of the n quantities 

ai, ag.... 

• • ^nj then J{x) vanishes and hence we can say 
/(x)=l3 has n roots. Again if x be given any value other 
than above n quantities, then / (x) doss not vanish and as 
such any other quantity cannot be a root of tlie equation. 
Thus we conclude that an equation of «th degree has n roots 
and no more. 

Note ;—In case sonie of the roots be equal, then the 
number of distinct factors in R.H.S. of (2) will not be n, but 
the equatioiid will still be said to have n roots, some of which 
are equal. Thus if 

/ (^) ==flo (* - “af • • • 

where p+(J-{-r+ ... = n, then the equation has p equal roots 
of one kind, q equal roots of another kind and so on. 

1 ** 5 . Synthetic Division. To find the quotient and re¬ 
mainder when a give^ polynomial is divided %y a binomial. 

Let the polynomial be of «th degree, say 
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and tlie binomial be {x — h) and the quotient be 

and remainder be denoted by R. Hence we have the follow¬ 

ing identity: 

^{x-h) [bQX^-^+ .. .bn~z’^’\-bn-i)+R. 
Comparing the coefficients of like powers of x jn both 
sides of tile above identity, wc have the following relations : 


0 

II 

0 

or 

... ... 



or 

. 

.. .(2) 

^2=^2“ 

or 

/jg— , • , . , , 

.. .(8) 

-i^hn-x-hbn-^z 

or 

^n—1 \ • • • 

...(4) 

< 2 ^= R — Ilbf^^l 

or 

1 ... ... 

...(5) 

From the R. H. 

s. 

of tl^g abovo felations wc 

easily 


obtain all the coefficients of the quotient Q, along witip the 
remainder R. The above is exhibited below in a very 
simple way. 


U ^0 % ^3.®n—1 

_ b^h _ hxh _ b.^i, .. ^ . 

bi bz bz .^n-i 


In first line we have written the coefficients of the 
given polynomial. If we are to divide the polynomial b}’ 
{x — h) WQ write h in the corner as shown. Ndw multiply 
flo by h and we get i. e. equal to b^h by relation (1) and 
write it below a^. Adding and bji we get of 

8rd row [f rom relation (‘2)]. Again we multiply bi by h 
and write it below and adding we get fig+M *• ^2 of 3rd 

row^ [from relation (8)]. We continue the process *and 
ultimately we get i^^ 3rd row w*hich is multiplied 
by h and written below and on addition we get 
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i. e. equal to R of 3rd row [from relation (5)]. 

Note 1. In case A be a root of the equation f(x)=‘0 
then R will be equal to zero. [§ 2 Theorem i] and the 

equation can be depressed by one dimension. 

Note 2. In case h be not a root off (x)=^0 then 

/?= value of f(x) for x=h i. e. R=/{h). 

Note 3. In case the equation be not complete i. e. 
some of the powers of x from z" to z® be missing, then we 

should supply the missing terms by zero coefficients i. e. 
if the .equation be —3x+5=0 we should write it as 
—?z4-5=0 and now we sliall write the first row of 
the above process with their respective signs. 

Note 4. If the division is to be done by x-{-h, then we 
write - hm the left-hand corner. For the sake of example, 
let us find the quotient and remainder, when 

— 33x4-0 is divided by x~8. 

2 0 -5 -32 6 

6 18 39 21 

6 13 7 1 27' remainder. 

Hence quotient is 2x®4-3z®4-13^4-7 and remainder is 
27 which is the value of,the given quartic for x=3. 

2*6. Gommoo roots. Let there be two equations 
/(.v)=Oof 3 egree n and (x)=0 of degree m and they have 
common roots a^, oq,. .a^,, where p is less than both n and m ; 

then/ {x)={x - ad (x- ag)... - otp). f {x) where f{x) corres¬ 

ponds to the product of remaining factors off (x). 

• Similarly lx)=(x - aj) (x - «a)... (x - a,) <j> (x). Also / (x) 

and“5 (x) have no' other commoq factor. 
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{x^~-a-‘b)^=4ab or x*—'2x^{a-^b)-\-{a'\-b)'^^4ab^O 
or x* — 2x^{a+b)+{a'*b)'^=0 

vvbJcli is an equation of 1th degree as was expected, for 
if V^+V^ is a root then '\/a—\fb, — V«+V^» —yja-~\fb 
will also be the roots. 

First find the biquadratic as above corresponding to 
the four roots etc., and then as usual the 

remaining first degree factor is found out ^ to be 
H.y — 4 etc. 

5. (a) Form an equation of the lowest degree with r^al and 

rational coefficients, one of its roots being V2d-V8-}-7. 

Let .r=V‘2+V8+i Y-f = V24-Vd. Square. 

Y- 4 -i" —‘2 a"/= r)-f-2Vfi 

or 6=2x7-f-2VO Square .again, 

12 x 24 . 86 = -4.vH 24 4 -^x7\/() 

or A^~8x2-f J2=8AiVb, Square again, 

(x^- 8x2)24-144 -1-241 - 8Y2f=*- r,4x2((q 

or .v8_10.v64-88xH 1^,2x24-144 = 0. 


(b)* Form ane equation with rational coejfdents which si,all 
have for roots the values of the expression 
wheie B^— 1 , B^~l, 

Let us suppose that x=Q{\/ 1)-\- q-\- B^^y r. 

Square and put \ etc. 

x 2 - (/;-)- ^ 4 - ?)=r £^1^2V W4 2^2^3V '2B.j,B^\^{ip). 


S(]iiaring again and putting we get 

x^-2x® (>4-(?d-^')+l/'+(/4-»')®=4 {pq^uY-^rp) 

-\-^Bf)J^\/{pqr) [^1V p-\-B.\/q-FB^\tr] 
[x^-.2x2 {p-\-q-\‘f)’\‘P^-\ — 2^r—2r/7]2=r(;4.^^r.x2 

• ^iV/>+^ 2V^4^3V^='’^ J^'jd 0j,2=l etc. 

^^6. Prove that the equation 

* A 


. £2 c *2 ^ . 

-4-— 4-_. . - _^q./^ 

X—fl X—ft x-c x-k 
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w/iere A, B,C.,, a, b, c. .^^and I are all real numbers, has all its 
roots real. 

Let us suppose a+iiS is an imaginary root of the 
above equation ; in that case a-i^ will also be a root. 
Sifbstituting for x both these roots, we get 

=( a + 0+<'|8 


4*_ , + . 




Subtracting the above two relations, we get 


r 


(a.-T)‘+/?*'*'(«-if+ZS* ‘ 


I “1“ . . • • • 


+ 




{OL-kf+PU 


2ip 


or 


-W t 




+ 


£2 








524-/32 ■ (oe_i,)24.^ ' (a-r) 2 +i 82 


The expression within the brackets is the sum of +ive 
quantities and as such cannot be zero and hence 2/^—0 
or P^O, anji hence the given equation cannot have imagi¬ 
nary roots.. Therefore all its roots are real 

(b) Show that the equation 

A% m //2 

- 1 - 4 - -h.. • H-L—^ has all real roots. 

x—a x^b x-^c X —rt 

" (Pb. 54 ) 

7 . // a„ Oa.,.. a„ be the roots of the equation 
(i3i-x)(i3*-x) ... (p^->x)+A^0, 
find the equation whose roots are pi, P^.. % .p^. 
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Since a^, Og .. a„ are the roots of the given equatidil^ 
we have 

iPi-x){P^-x) .(j3„-x)-f ^H=(ai- x) (012- x)... 

(a„-x).' 

(^j “ x) (^2 x).,. (Pf^ — x)=(ocj — x) (012x),,, (ot^ x)-^ A 
showing that jSa.. .^n are the roots of 

(*1 — x) (^2 - x')... ,(ot„ - x) - ^— 0 . 

'-^ 8 . The equation (x —/)^+{' 2 x—i)®+• • • • 

2 

has for its root ^ ; find the quadratic equation satisfied by the 
other two roots. 

The given equation is — —«=0 . 

w=^- 0 . Since is a root -of the above 

2 . . 

equation x — - - will divide it without remaindejr and 
n+i 

hence by synthetic division, we have 

J 


(«+l)(2w-M) 

..., 2 " - 

l.n (n+1) 

~ 2 

— n («+l) 

n (w4-l)^ 

”2* 

iw (n-b*l) 


Hence the required quadratic equatior is 
A 2 “ 




g. Prove that (1-a) (1-b) (l-c),, .^n, if f a, b, c.,, be 
the roots of the equation 1^0. _ 

We have x*»- lss(x -1) a) (x - i>) (x - c)...]. 
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Differentiate both sides w. r. t. treating the R. H. S. 
as product of two functions. 

[^-a) {x-b) {x^c )...] 

’\-{x-V}^[{x-a){x^b) (x-r)...], 

I 

Putting x=l in both sides of the above identity we 
get the required result. 

lo,* If /(x} = x® —find the value of 
f(10). 

Divide /(.v) by x-iO by synthetic division and the 
remainder =/(10) etc. Ans. 4711‘2. 

zi. Find the quotient and remainder when 

x^-{- 10x^-\-39x'^-i-76x-\-65 is divided by x-f 4. 

« ' Ans. () — A^+Ox^+lSx+lt), 

I2« Find the common roots of the cubics 

8x^-\-‘J4x^-^‘Mx-\-9=ip and 8x^-{-72x^-\-96x-\~45~^0 
and ftejice find all the roots. 

The H. C. F. of the two cubics is 4x‘^+Cx-|-3 /md their 
other factors are found out to be (‘2 a+ 3) and (‘2x-f-15) res¬ 
pectively, etc. 

13, A root of the equation 3x^~-10x^’\-7x-\‘10=^0 u 

connected with a root a' of the. equation x^-x^- 17x-\-65=0 by the 

relation %(x!— a.-\-l=i0. Using this fact, solve the two given ' 

equations completely. ' (Delhi Hon’s. 1948 ) 

» 

Since « is a root of thie giveiz equation, 

3a3-10a*f 7a-|-10-=0.(i) 

Again a' is a root of the 2hd equation. 

. ^ a'®-ot'*-17a'+65—0.(2) 

* • Ot 1 

'But from the given relation, Substituting in 

(2), the value of «' and simplifyiri'g, we get 

6a®-h22a24'27oc-f 10=0 .(3) 
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Now (a; — Kj) (x — ag).. .{x-cup) divides both / (^) and ^ {x) 
and as such is the H. C. F. of f{x) and W* Hence in 
order to find the common roots of two given equations we 
should find their H. C. F. The ordinary procedure of 
finding the H. C. F. is Lilread}' known to the students ^we 
shall exhibit the same process in a simpler way. 

Ex. Show that -!2x+l=0 and x*-7x®4-l =0 

have two roots common. 

Note: —The letters a, b, ...denote the successive 


divisions below :— 



Quo. 1 

0 -7 

0 

1 4th deg. '■( 

1 (a) 1 

-2 -2 

1 

; 


2 -.7 


1 Hrd ■ 1 -2 -2 Idrdi 

- lb) 

2 -4 

-4 

2 1 -•;) 1,, 

r ~ 

- n-1 


— 1 2nd i 1—312n(i 

i 

j 

1 


~ - 

1 i(<i5 i‘-Hi 

m. • 1 ' - ~ 


Hence the H. C. F". is wliich is a quadratic 

slx)wing that the given equations have two common roots 
g i ve 11 by x® - 8x -f-1=0. 

i[n the above process we have arranged the successive 
coefficients of the given equation (making them complete) 
in the parallel lines. The quotients have been written in 
the extreme left and right. The process pf division is 
continued till the remainder is of lower degree than the 
divisor. 

Note :—For the sake of convenience in division we 
can multiply or divide any of the lines by any number. 

Ex. su Solve the equations 

/ (x)^4x* 12x®—X® — 15rte=0 
and ^ —15x=0 

completely, having given that they have common roots. 
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4 

12 

-1 -15 

0 4th 







6 



$ 







"'24 

T2“ 

-6 -90 

”0 

6 

13 

-4 

-15 

0 4tb 

3 

Ka) 24 

52 

-IG -60 

0 

(b) 6 

3 

-9 

0 


10120 

■■ 10 -:10 

0 


10 

5 

-15 

0 


t 

2 

1 -3 

0 3rd 

• 

2 

1 

-3 

0 3rd 






(cl 

2 

1 

-8 

0 

1 





' X 



The H. C. F. is 2 a:®4-x®—3^. 

- /(A:)=(2Ar3+^®~3x) (‘2.t+5)=x' (.v-1) (2 a:+3) (2\‘H-5) 
(.t)==(2a:3+;c2-3x (3;c+5)=;c (jc- 1) (2j^:4-3) (3a:+ 5). 
Hence the roots of/(.v)=0 are 0, 1, - - 5 and those of 

(h (x)ss0, are 0, ^1, - 2 , - 3 . 

2*7.* To xhow that if a relation of the form ^=<h (ol) exists 
between the roots of a ^v^en equation f (x)=0, the equation can he 
depressifd by two dimensions. (Agra 38, Pb. 41) 

Now since a and ft are the roots of / W—0, we have 

« 

p “ 0 ••• ti« *#•' 

and f{ft)^0 or /f(i(a>i“0, V rA (a'l.(2) 

Hence « is a common root of (1) and (2) and can be found 
by the method of H. C. F. Having found the value of a, 
we can find |:he value of ft from the given relation (a). 
When both ^he roots a and ft are known, the given equation 
/(.v)=0 can be depressed by two dimensions by the process 
of synthetic division or actual division. 

Ex. 3. Finfl all the roots of the equation 
* 3;c»-10x24-^+fi=0, 

having given that *two of its i^oots jfre connected by the 
relation - a - 2. 
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jjj I o 

From the given relation we fiiid that -, 

a is a root of the equation, /. Sot^-lOa^-fa+G—O *. .( 1 ) 
i9 is a root of the equation, 3/8®- 10 ) 8 ®-f/?+ 6=0 .. .( 2 ) 

Put ) 8 =“i^ in (2) and we get 8 (a+2)®-10a (a- 4 -2)* 

-f a®(aq- 2 )+Oa ®=0 which on skuplification reduces to 

5a®+a-6=0.. ...(3) 

The value of a is obtained by equating to zero the 
H. C. F. of ( 1 ) and (3). 

I 3-10 16 3rd) i 


3 15 - 50 5 30 

i (a) 15 3 -18 

5 1 —(5 ‘2nd 

(c) 5 -5 

j - 53 23 30 2nd 

0 -(t 

1 -5 

vd) 6 . - 

53| 265 -115 -150 

X 

j (b) 265 53 - 318 


j -1681-108 168 


1 1-1 1st 



Hence the H. C. F. is a — 1. 

a=l and hence )8=°^i?=3. 

a 

The factor corresponding to these roots is [jif -1] [jc - 3] 
or a:®-4jc-|- 3 and the remaining is easily seen to be 3*-}-2 
and hence the third root is — f. 

EXERCISE I 

!• Solve the equation x^-^2x^- =^0 having 

given that one of its roots is 

We know that irrational roots of the form a-^-y/b occur 
in pairs. Hence if 2-4-V3 is a root, thffen 2- \/S is also a 
root and the product«of the factors corresponding to thes 6 
roots is 

(Af- 2 - V 3) (X - 2+V 3 )=(a: - 2)*- 3=x® - 4x+1. 
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Dividing L. H. S. of the given equation by 
we get the other quadratic factor as (**+6x4-7) which when 
equated to zero gives the other roots as 


-6± V(36-2B) 
2 


-3±V2. 


' 3. The equation 3x^ — 4x^-\-x-\-88=0 has one of its roots 
2+ V ~ 7; solve it completely. . Ans. 2 + V - 7, - f. 

3 . (sp) Show that the equation lOx^ — Vlx^-^-o'Jx'^ 

-\-10x-‘50=^0 is satisfied by x=i — 3 and *=i+2 and find the 
roots. ' (Punjab 23) 

Let us suppose i- 3 or — 3+i, is a root, then —3—? 
is also a root. Similarly if «+2 or ‘2+i is a root then 
2 — i is also a root. The product of the factors corresi^ond- 
ing to these roots is 

f(* + 3)* - i*1 [ (* - 2)* - i*l=(*2+6* 410) (^* - 4*+5) 

. ^ = (a,-^ 4 2* * — Px* - lOx 4 SO) 

and we find that it divides the L.H.S. of the given equation 

exactly without remainder giving the quotient as (x* —1) 

which corresponds to the other roots. Hence our supposition 

« 

is right and the other roots are given by x* — ] =0 i. e.- x— + 1. 
(b) Two roots of .x:®—x'‘4^x* —Px —i5=P are —y/S and 
\find the other roots of the equation. 

Evidently other roots will be +\/3 and 1 —2i and the 
product of the factors corresponding to these four known 
roots is (x® —3) (x®—2x+5). By actual division, the remaining 
factor is x4*l- Hence dhe remaining root is -1. 

Ans. V3, 1 —2i and —1 are the other roots. 

4. Form an equation with rational coefficients which shall 
have for a root the irrational expression \/^+where a and h 
are not perfect squares and hence solve the equation^ 3x^-~4x^ — 42x^ 
■4-56x^+27x--‘36=^0 completely when V2r is it root. 

Let x^y/a-^^b. \ ^/Square both sides. 

x*-fl-6=s2V^^* Square again. 
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The H. C. F. of (1) and (3) is found out to be 
and hence a=—/, a's=-5. tlaving found one root of 

each of the given equations, they can be depressed by one * 
dimension and the resulting quadratics can be found giving 
the other roots. Ans. [~|, 2+i], [-5, 3+2i], 

14 . (a) If the roots of the equation x^4-5^i;®+11^®—13jc4'G==0 
be connected by the relation 2/34-3a!=7, then find all its roots. 

(Ph. 41 ) 


/(a)=a*+''^a®+llot®'”13*+h=0 .,. 


4 . .( 1 ) 


which on simplification reduces to 


Hitt* - 486a®+1152a® - 1242a+495=0 .pz; 

The H. C. F. of (1) and is eaail;^ found out to be 

7 — 3.1 

a-1 and hence a=l and/8=— f. ' =2 and the produtt of 


factors Corresponding to these roots is (x—1) (^-2) i.e. 
x®-8;v+2 and dividing the L. H. S. of the given equation by 
3x+2, we get the other factor'as ac® —2x+3 which w+en 
equated to zero gives l±iV2 as, the other two roots. 

,T 

(b) The equation has two roots whose 

difference is 3. Find all the ro^s of the equation. 

a=B ^s=a+B e/r. AAs. 2, 5, -2. 

15. The equations 

Ac®+/»x®+^Af+r=sO and A:®+^V+^'Af+r '=0 
hive two common roots ; find the quadratic whose roots are these two 
and find also the third root of each. 

Let the two common roots be a and fi and the quadratiq, 
factor corresponding to these be denoteS by Q,. If y and y* 
be the other roots of the two cubics, then 
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x^-\-px^-\-qx-\-r^O^(l{x-y) .( 1 ) 

■ and x^+p'x^-\- q'x-^r Q. (x - y').(2) 

The coefficient of x^ in Q, should be unity. Subtracting 
(1) and (‘2), we get ip-p') x^+iq-q') ^+(r-O=0=aQ^ (y-y')- 
Now when Q.*(Y“yO=0> then y-y':7^:0 for otherwise 
yc=iy' which would mean'that all the three roots are equal. 

Q,=0 and hence making, the coefficient of x^ unity in 
L. H. S.»we get the required quadratic corresponding to a 

and jS as .('^) 

• _ p-’p p-p 


a,/? = product of the 


roots of (8)= 


r ~r 

P-P' 


• • • 


(4) 


Also ajSyssproduct of the roots of (1)= - r. 
and a^y'=product of the roots of (‘2)=~r'. 


Hence y=-r 


ip-p') 

.(r-O 


and v' = — r 


, iP^P') 

(r-/) ' 



CHAPTER II 


RELATIONS BETWEEN THE ROOTS AND 
COEFFICIENTS AND ELEMENTARY 
SYMMETRIC FUNCTIONS 

^ I. Relation between the roots and coefficients. 

(Nagpnr 57, Pb. 31, 34, 35, 37, 44, 51, 60) 

We have already read that if a and {3 be the roots of a 
quadratic equation ax^-\-bx-{-c—0, then 

r , 

sum of the roots==a4-i8=^ - 

a 

• 

and product of the roots =^aj8=~. 

We shall now establish the above type of relations 
between the roots and coefficients of an eqution of «th 
degree. 

Let the general equation of nth degree be 

/ • • •(!) 
and its roots be aj, (Xj, as.. .a„ ; then clearly 

/ {x)^K (x-aj.) (x-aj) (x-agl.. .(x-»a„). 

Comparing the coefficients of x" in both sides of the 
above identity, we get Oq^K, and hence 

/ - «i) (x •“ aa) (x - aj)... (x - ix^ 

^=Oq [x** —X** ^ (otj “1“ Ota “h • • • 

_|.x«-2 (Qjia2+«ia3+«2aa+ • • 

- X**”® (aia2a3+aia3a4+.. 

4-(-l)** (aiaaa3...a„)]. 
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—^ {2 {S aiaa)-Af"“® (S aiaaa3)4-... 

si 

4-... +(-!)* (aia2«3- • •«!»)]• 


Comparing the coefficients of like powers of x in both 
sides, we get 


— flo^ ai—flj 
aiaj^o* 
** OqS ocj^oCaOCa “ dg 


r«.a,a3= ■/-•=(-1)» 4’ 

“0 “0 


• • 


ftiaattg. 


Co(“ir(aj«2«3...an)=*«n. 


a» , a. 


__ n’t. 

'!* (-1)%“^ a. 


(-1)»=1. 


where 27 stands *f<3r the jsum of the roots and 27 
stands for the sum of the products of these roots taken two 
by two etc. 

R-ttle —In a complete equation (if the equation be not 
complete, then it should first be made complete by supply¬ 
ing the missing powers of x by zero coefficients). Sum of 
the products of the roots taken /» at a time 

coefficient of (/>-f l)th term 
^ coefficient of 1st term 

r 

or in case.p be even i.e, ( — 1)^=1, we can write the above 
formula as 


coefficient of (/ > +l)th term 
coefficient of 1st term 

(T 

and lb case p be odd i.e. (- -1, then we can put 

the above formula as 

f 

c oefficient of (^4’l)th term with sign changed 
coefficient of 1st term 
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Deduction : (i) If an equation whose leading coeffi- 
cient Gq be -five has all its roots H-ive, then 

S - ~=-five; a. must be -ive‘; 

Gq 

U aLi 0 iL 2 r= -^=34-^6; <*2 ii^ust be -five. 

Z* ai«20^3=- —=-five; /. must be — ive and so on; 

Gq 

showing that the coefficients of the above equation should 
be alternately -five and —ive. 

Deduction : (2) Similarly we can prove that if an 
equation whose leading coefficient Gq be -five has all its 
roots —ive then all the coefficients of the above 'equation 
should be -five. 

I ) 

§ 2. Particular Gases : Relations between the roots 
and coefficients of a cubic and a biquadratic equation. 

Cubic : roots being a, jS, y. 

2 a«a-f/3-fy=:--^\v - 

“0 

Ga 

2 (Xj8=a)B-f jSy-f ya= - > 

Gq 

2 aj8y—aSysas _ —® ^ ^ 

Go 

Biquadratic : flo^*-fai.if®-f OaX^-f 

2 ot=oc-f j3-f y”f 8 — — —^ * Vt' 

2 aj3s=a/J-f*y+*^+i9yd*^S-fyS= — 

• Gq 

(6 terms) 
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or S a^=(a4“P) (■y+8)-|-a^+y8s=s 

«o 

(Note this form). 

S aj8y=a,6y+a;88+ySa+Y8/Ss= —~ 

Oq 

(4 terms) 

or 2 aj8y = aj8 (y+8)-f-yS (a+j8)= —~ w' 

(Note this form). 

a a|8yS=a|8yS=-‘ . 

(Iq 

Note ;—Before doing the examples to follow, the stu¬ 
dents should remember that if we have found a root of a 
given e<iuatioft we can depress the equation by one dimen¬ 
sion by the 4Drocess of synthethic division (Note 1, page 8). 
If / be the sum of'the two roots and w be their product, 
then^the quadratic equation of which these are the roots is 
^c^+(sum with sign changed) a:- f products0 i.e. 

Examples 

I. (a) Find the condition which must be satisfied by the 
coefficients of the equation x'^—px'^-\-qx^r =0 when two of its roots 
a, jS are connected by the relation a -f-(Pb. 44) 

Let the roots of the equation be a, /8, y. 

i7®a=a+i9+y=/>, but a-f^-0; /. y—p. 

t 

Now y is a root of the given equation and as such 
y® -/>y®d-^y - r=0. Put the value of y. 

or pq^r is the required 

condition. 

w The equation 16x-{*80=Q has two of its roots 

equal in magnitude but opposite in sign ; solve it completely. 

Ans. ±4, -5. 
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st» (a) If one root of the equation be 

(i) n times, (ii) double, (Hi) equal to the other root of the equation, 
show that it may be found from a quadratic. 

Let the roots be a, na and /3. 

i7a=(n+l) a+j3=//; /?=/>-(«+1) a .(1) 

i?aj8=«a^-f-a/3 (n-f l)=</ . 

Putting the value of ^ froin*(l) in (2), we get the requir¬ 
ed quadratic as n.oL^-\-{n-{-\) OL\p-{n-\-l) a]=5. 
or (k+1 )^ a^ —not®—/> (n+l) a4-(y—0 

or (n®-f n-|-1) a®—(n-j-1) a+5==0 ..; ...(H) 

Plaving found a fiom above we can find (3 from (1). 
Since there will be two values oi a and hence two of w''e 
should choose that set which satisfies the third relation 

2I'a/3y = na®j8=/'. 

For (ii) and (iii) put n—2 and 1 respet^tively'in (H). 

(b) The cubic 2x^--9x‘^ ^ 12x-{-X=0 has two equal roots. 
Find A and solve the equation completely. 

Ans. 1, 1, f when A= — 5» 
2 ,2,^ whenA=—4. 

(c) Solve the equation x^ — 9x^-\-l-ix-]r24~0, two of its 
roots being in the ratio 3 : 2. 

Let the roots be 3«, ‘2a and /? and proceeding as above, 
we get the quadratic 19a®- ii5a--bl4=:t), giving 

a=2 

or «='A' 

The later set of values of a and p do not satisfy the 
relation SoL^y or Ca®/8=-24. 

Thus the roots are (5, 4, —1. *Aiis. 

3* (a) Find the cond^ion that the hots of the equation 
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may be in arithmetical progression and hence 
solve the equation x^~~ 12x^^39x~28=:0. (Pb. 40 ) 

Let the roots of the given equation bea-rf, fl, a-\-d, 
being in A.P. 

/> or or fl—“I. 


But fl is a root of the given equation and as such it will 
satisfy it. 




or 2/>®—9/>5+27r=0 is the required condition. 

Proceeding as above we find that <2=4 is a root of the 
given equation which when divided by at- 4 gives the quad¬ 
ratic equation (x®—8^4-7)“0 and hence the other roots are 
1 and 7 and clearly 1, 4, 7 are in A.P. 

(b) The roots of 2x^— 15x^-\-37x-30=0 are in A.P, Find 
them. (Raj. 55) 

Ans< % t, B. 


(c) Find the condition that the roots of the equation 

sx-\-t=:0 be in A.P. 

Let the roots be a-^^d, a ^d^ a, a-\-d, Clearly sum 

" p 

of the roots—5(2=/. 

f 5 

But fl io a root of the given equation which will satisfy 
it. Hence the required condition is 

(i^)+<-/)(x)+'=° 


or 


4 />® - 25?/>»4- 126r/»® - 625^j&+.3126/ = 0 . ‘ 

4 * (a) Find the condition that the roots of the equation 
x^-^px^-^qx-'-r^O^be in geometrical progression. 


(Agni 35 , 40 ) 
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Hence solve the equation 27 x^’\~ 42 x^-- 28 x~- 8 =^ 0 . 

*. a 

Let the roots of the given equation be ap, a, 


being 


in G. P. 


i7aj8y=aj8y=fl/).fl.—=r or 

P 


But fl is a root of the gtven equation and as such 
a®—or —pa^-\-qa=iO [V o®=r] or pa=q 
or p^a^ssq^ or ph=q^ or />®r —g®=0 is the required 
condition. 

Proceeding as above we find that is a root of the 
given equation which when divided by 3 a:-2 gives the 
quadratic equation (9a:®4-20.v+4)=0 and hence the other 
roots are —2 and — f and clearly —‘2, f, — .f are in G. P. 

(b) If a, y are the roots of the cpbic equation 
ax^-\- 3 bx^-\- 3 cx-\-d=: 0 , find the jcondition^ that they may be in 
geometrical progression. 4®) 


Ans. b^d — ac^=sQ, 

5. (a)’ Find the condition that the roots of the equation 
be in harmonical progression. 

(Agra 34, 37, 45; Pb. 36, 51; Delhi Hon’s 5a) 

Show that the mean root is 3 rjq. 

Hence solve the equation 6 x^— llx^ — 3 x-^ 2 =s 0 . (Pb. 54) 
Let the roots be a, j8, y which are^ in H. P. and hence 


V* "/3 ’ y 



2 


or 


j8y-f aj8=2ya. 


Adding ya to both sides, we get 

«i®+^y+ya=3y« or 5=3ya or yas=s^/3. 

Again aj3y=r or ( o ^6=—-=;mean root. 

• d ^ • q 

But ^ is a root of the given equation and as such 
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or 27r®-9/>^r+2$®=0 is the required condition. 

Proceeding as above we get 8ya=2'a/>= 

ya= - Also a;3y = - f or (- i) i8= - f. 

^=2 is a root of the given equation which when 
divided by (x —2) gives the (quadratic l)'-=0 giving 

the roots as — ^ and Hence the roots are — i, 2, ^ 
which are clearly in H. P. for their reciprocals — 2, 3 are 

in A, P. 

Note :—If for every x we write Ijx in the given 
equation and simplify, then the roots of the resulting 
equation will be the reciprocal of the roots of the given 
equation. By doing so the above questions can be 
convenienty solved like 3. [See Ex. i § 2, Chap. ID] 


'-"(b) Solve the equation 105x^ — 142x^-\-60x~8==0, its roots 

being in H.P. * (Pb. 39) 

•Ans. f, f, -|. 


6 . Find the condition that the roots of the equation 

x^-\-3px’^-\-3qx-\-r=‘0 may be in (i) A. P.^ (ii) G. P., (Hi) H. P. 

(Delhi Hon’s 50) 

Ans. (i) 2p^ — 3pq-\-r=0,(ii)ph—q^~0, 

(Hi) 2q^ — 3pqr-]-T^ = 0. 

7. The distance^: of three points B, C on a straight line 
from a fixed origin 0 on the line are the roots of the equation 
ax^A-^bx^'i-SexA'd^O ; find the condition that one of the points 
Aj Bj C should bisect the distance between the other two. 

(Delhi Hon’s 519 54) 

If <*> jS, > be the roots, then we have to find the 
condition that 75— f. «. <*,/3, y be in A. P. etc. as in 

J Ii 

Q. 3. 26®—is the required condition. 
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8 . Find the condition that the equeJion 
x*-Fpx^-{-qx^-\-rX-\-s—0 

should have two roots connected by the relation and 

determine in that case the two quadratics which shall have for 
roots (1) (a, j0j, and (2) (y, 8) and hence solve completely the 


equation 

J 


a:* ——21=0 (Agra 35) 

a+i^—O given. 

Z'a=a+i8+7+8=-^, 

y+S=-/^. V a+j3=0.... (1) 

i:a/l=(a+i 3 )(y+ 8 )+a, 54 -yS = ^7 or 0i,8+y8==q .(2) 

2i'aj8y = ajS (yH-S)+yS — r 

a/1 ( -p) = - r from (1). a.p—rjp .(3) 

2i'aj8y8 = aQy8=.y or y8=5; 

yS=---™.( 4 ) 

Substituting the values ot a.d and yS in ( 2 ). we get the 

T pS 

required condition as ^ =(7 or pqr—p'^s — r^=^ 0 . 


Again since a4-/l=0 and enQ—rlp a and j8 are the 
roots of the quadratic x^ — Ox-^rjp—0 or px^-\-r=0. 

ps 

Also y-f8=-/> and y8—-^-] y and 8 are the 

ps* 

roots of the equation x^—{-p) x-b ■ "' = 0 or rx\-Fprx-Fps=^, 

Proceeding as above the required ro<'ts arc 

V3, - V3, 1±V(“6). 

9. (a) Find the condition that sum of the two roots of the 
equation x^-{-px^-{-qx‘^-\-rx-\-s = 0 be equal to Hie sum of the other 
two roots. (Nagpur 57J 

Plence or oiherwife, soli% the equation 

x^--8x^-{-21x^-20x-\-5^0. (Pb. 1916 ) 
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a4-jS=y-i-8 (given). 

J?a=od4-i84-y4-5= -/>. 

...( 1 ) 


a4“^=y"l"S~ . 

2’a/3=(a4-/3) (y4-S)4-«^4'yS=^ 

...( 2 ) 

or ^ 

(-/•/2) (-/>/2)4-«,84"yS=g 


or 

ai3+yS=?-i/,»M=^«~^‘. 

^ot^y=ocj8 (y4-^)”i“y^ (^^4”/^)”““^ 

.. 43 ) 

or 

-[aj 84-yS]= — r from'(2) 


or 

"T [ *4 *■ 


or 

i/>®-4j)g4-8r=0 is the required condition. 



In the given question a-j-j8=y+8=-/)/2=4 and let 
afi—l and y8==m anci hence * 

• X*—8x®4-2U®-20*-f (x2-4x+m). 

Comparing the coefficients of like powers of x, we get 

— 4(/+m)——20; /-fm=5 and /m=5. 

/, I and m are the roots of /®-5^4-5=0. 

. ._5±V(25 - 20)_5±V5 

•• 2 2 ■ 


Hence the two quadratics are x*-4x4-^—^^^=*0 


and x 

which on solving give the required roots as 

3 + y/5 S i 
^ ’ ~'2 ‘ 

N«te. V(®±2y/5)=(1± 


18 . 
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(b) The sum of two roots of the equation 

is equal to the sum of the other two. Find A and solve the equation. 

(Dellii Hon’s 1949) 

A=-3, 2± V2, 2± V3. ^s. 

(c) Find the condition that the roots of the same equation be 
connected by the relation 


or 


y 


^ y±l nr Ij. ^ -1^1 
ajS y8 a |0 “ y 8' • 


Put X—— in the given equation and proceed as in part 

(a) for the transformed equation as its roots will be reciprocal 
of the roots of the given equation. ’ ■* 

10. (a) Find the. condition that the rgois a# y, 8 of equa^ 

! tion x^-\-p}^-\-qx^-{-rx-\-s^0 should bhcdnnected by the relation 

a^=y8. (Agra 1944, Pb. 1934, 52) 

Hence or otherwise solve the equation, 
x*+Qldx^-mx^ - 540.r-f-729=0 
aj8=yS given. 

But a^yS=j. /. a^=y8=: + V'y.(I) 

Z1 a=a-f-/?-|-y-|-8= —^ .(2) 

S {y-\-h)-\-c^-^yS^q. ...( 3 ) 

I a^y=ai3(y4-8)-fy8 (a-l-^)=-rJ 
or ± from (1) 

or ± ““ r from (2). 

is the required-condition, . 

in the given equation, ai3yS=729.* /, aj3=y6*=4-27 
or —27. If a-pj8=aii and y-f8=m, thei>’ 

{x^ -b 20x* - 210jr* - 540x+729^(x« - /x - 27) (x* - itw - ^7). 
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Comparing the coefficients of like powers of x, we get 
-(/+m)=20 or /+w=-‘20 
and Im—Qil — 27 = - 210 or lm=— 150. 

^Also comparing x, we find 21{l-\-m)= — 540 or /-j-m= -20 
which we have already found. Here if we take aj8=y8=27, 

f 

then the last relation wall not give Z-f7n= —20 as already 
established. 

.*/ I and m are the roots of Z*+20/ —150=0 
(H-2G) {t -G)=0; /. Z= - 20 and 0. 


Hence the two quadratics giving the four roots are 
x^^2(ix-21=0 and x*-e«-27=0. 

/. a:=1, —3, 9, —27. Ans. 

(b) Find the refathn betwee/i the coefficients of the equation 
x^-{-p)^-\-qx^-\-rx-\-s=i0 under the following conditions :— (1) Its 
roots are in geometrical progression. (2) Ratio of two of the roots is 
equal to the ratio of the other two. 


(i) Let the roots be fl, ar, ar^^ ar^ ; then clearly 
{a){ar^)={ar){ar^) i.e., the produce of two roots is etjual to the 
product of the other two and hence the condition is the 
same as that of part {a). 




i, e. aj8=y8 and hence etc. as in (a). 


(c) Hence solve the equation x^-4- 15x^-\-70x^'\- 120X’^64—0. 

(Agra 1942) 

i’roceed as in ^art (a). — 1, — 2, — 4, — B. 

(d) Solve the*equation 16x^-~4x-\-48=0 having 

given that product of two of the roots is 6. 
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If a/3=6, then since ai3y8=48, y8=8 and now 

proceed as in part (a) by taking a+jS—Z and y-|-S=m so that 

fx®—mx+B) 

and comparing the coefficients Z=5, m= — G. 

Ans. 3, 2, —2, -4. 
* (e) Find the condition that the biquadratic of part (bJ^majf 
have its roots connected by the relation olP-{-1 = 0. 

aj8= — 1, a/IyS—/; yS= —j. 

Let (x.-\~p=l and y+S=m. 

x^-]-px^-\-qx'^-{-rx-\-s={x^ — lx — }) {x^ — mx-~s). 
Comparing the coefficients, we get 

(1) l+m=-p. 

(2) Im- i-s=q. lm=q-^s-\-l. 

(H) m-{-sl=r. 


From (1) and (8), we get (5— 1) l=ir-\-p. • 


/= 


m: 




from (1). 


r+p 

s-i' . 5-1 

Putting the values of I and m in (2) and simplifying, we 
get the required conditions as 

53+52 (^-.l )+5 {p-^^pr^2q-l)+{l+q~\-pr‘H^)^0. 

(f) The roots of equation x*-‘6x^-Fl8x^^ 30x-^25=^0 are 
^f the form a+i^ and /?+i& where a and ft are real. Find all the 
roots. (Punjab 58) 


If ix+ij8 is a root then a —i/I is also a root. 


Similarly if jS+ioc is a root then^—ia is also a ix>ot. 
Sum of the roots=(a F/S)+(/3+a)=6, a+i8==3. 

Product of all=(a^+/3*) +-a^)=25, /. a® +/3® = 5. 


2a;S=(a+,8)2~(a2+/3*)=9-5=4 or *^=2 
and we have seen that «+/S=3, 

/. « and /3 are the roots of t quadpatic 

Z®“i3f+2=0 giving 1. 

&=2 and jS*!. 
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Hence the roots are 2±i and l±2t. 

II. Find the condition (hat the equation 
x*-\-px^-\-qx^-\-rx-\-s=0) 

may have its roots in arithmetical progression and hence solve the 
eqvqtion x*-{-2x^-^21x^-~22x-\‘40—0. 

Let the roots be c— a-d, a+d, a+dd. 

4- .(1) 


Z aj8=-10</*= q or 



10^2=^. 


80 - 


Z a^7*=4fl (a*—5(i*)= — r 
aj^‘y8=(fl®-(P) (a*—9d*)=^ 


...( 2 ) 

...( 3 ) 

...( 4 ) 


The required conditions are obtained by putting the 
values-of a and d^ in (3)"and (4) and they are 

/>®—4/>^4“Br==0 and (86^- (4^+/>^)=160 j. 

i^a=4fl= —2. a-- —i 

and i: a,5==(V-10(f2=-21, .V G.i4-21=10t/» 
or ^=±1, 

and hence the roots are — 5^ —2, 1, 4. 


». (a) Find the conditions that the biquadratic 
x*-^px^’^qx'^-\-rx-\-s=0 

may have two pairs of equal roots ard hence solve the equation 

14x^Jf.73x^--168x+m^0. 


Let the two pairs be a, j3 and a, j3. 

/. 2 : a-2 (a4-i3H-A /. oc4*^==-/»/2. 

Also product of'the roots=a®/3®=J, ap=\/s. 

tt t 

Therefore a and ^ are the roots of ^*+' 2 ' ^4- 
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Comparing the coefficients, we get 

^==^+2V'J or (4^-/>®)®=(BV-y)*=645 

and r—pyjs or r^=:ph 

are the required conditio ns. 

Just as above the given equation should be equal fo 
-^2^x4-V144)^, or x^ -lx+\2=^0. 
x='?), 4. Hence its roots are 3, 4, 3, 4. 

Ex. 12 (b) If ^^+^1^^«C^+4G^4-(<2oV —3//^)=0 has two 
pairs of equal roots, prove that G =0 and a^I^12H^. 

Proceed as above. (Pb. 26 ) 

13 . Find the condition that the jroots of the equation 
^x 2 -{-rA: 4 -j =!0 be connected by the relation ot, 0 +y 8 =O. 

aj3+yS=0 (given).. . ,( 1 ) 

Let (x^=^k then yS=-A:, / 

If a+j 8 =i and y 4 - 8 =m. 

then {x*+px^-\-qx^-^rx-]-s)^{x^-lx-Fk) — 

Comparing the coefficients, we get 

lm=:q, k{l-~m)=r; l^m^rjk and — 

In order to find the condition we have to eliminate 
/, m and k between the above four relations. 

[I - mf=(/+mf - Um. 

r*==-5(/-49) 

or ph-\-r^=^iqs is the required condition;’ 

14. x-^by-j-b^Zrb^ x4-9’+c*2*ssc®, 
find the values of is,y find z. 

From the given equatibns we can easily observe that 
a, 6 , c satisfy the cubic 


x*+px^ 4 - qx^ 4 - rx 4 -j=^x^ 4 - 
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or —a ;=0 has for its roots a, b, c.j 

Eab=ab’\-bc-\-ca= —jv, 

Sabc:==‘abc=x. 

Hence the values of x, j and z- 
f' 15 , Show that all the roots of the equation 

. -^Pn-lX+Pn — O 

can be obtained when they are in arithmetical progression. 

(Rajputana 55, Agra 29) 

Xhe roots of the given equation being in A. P, may 

be taken to be a, a-\-d, a-\-2d . a-^{n — l)d. We have to 

find the values of a and d. 

• • • ■ 1)} ii=s= — p-^ 

. (n—l).n , 

or ntf-p'—- d=-^pi .( 1 ) 

« Z 


Again yf=(a-i-^+v)®-2 (a/3+^y + ya) 

U. 2;a?=(i:a)V2 (i;a/3). 

The above relation holds good for any number of roots, 
or a^-f(a4-rf)2-p(fl-f-’:^ip-j-.. .{a+(n- 
or na^+2ad {1+2-f 3+D) ... 

+(«-in=A"-2/a, 


Now Sn— 


n 


and 27n- = 


n (n+l) ( 2 «-f-l) 
‘ 0 


Putting n=n— 1 in the above formulae, we get 

„a^+2ad ....( 2 ) 

Now if we square (1) and subtract it from n times (2), 
a will be eliminated and we can find Having found d 
we can find a from ( 1 ). When a and d are know'n all the 
roots are known. 






CHAPTER III 


TRANSFORMATION OF EQUATIONS 

§ 1 . In order to solve a* given equation /(«)=0 we 
want to transform it into another whose roots bear a 
certain assigned relation with those of the given equation 
and whose solution may be more convenient than that\)f the 
given equation. Having solved the transformed equation 
we can find the roots of the given equation from the given 
relation between the roots of the two equations. 

§ at. To transform an equation into anothei* whose 
roots are the reciprocals of the roots of the given 
equation. 

Let ^ ^ ^ +a„_i:v+fl,=0 be 

the given equation. If x be a root of the given equation and 

that of the transformed equation, then J'=~ or r=—. 

X y 

Hence the transformed equation is obtained by putting 
.Y= y in/(^)==0 and is therefore /^==0 , 

1 . I’ , 1 , 1 , n 

^ 0 * • *^"-1 y — 0 » 

or - 

Rule — If the given equation he complete (if noty it may be 
made to take that form) Ithen the above transformation is effected 
if we take the last coefficient to be the 1st, last but one to be the 
2nd and so on, * • 

§ 2*1. Reciprocal equations. 

All those eouations which remain nnchnnapiri wttAn *• Je 
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replaced by 1/x are called reciprocal equations. These are of 
two types (i):—those in which the coefficients of terms, 
equidistant from the beginning and the end, are equal and of 
the same sign, and (ii), those in which these coefficients are 
equal but of opposite signs, e,g ., 

.v^+6^® + 8x*-f-6*4-l=0 is of the first type, 
and —7 x2+4ac-1=0 is of the 2nd type. 

Thus we conclude that if « is a root of the reciprocal 
equation then 1/a must also be its root. Hence the roots of 
a reciprocal equation occur in pairs of a, 1/a, j8, 1/^3, y, 1/y and 
so on. 

In case the equation be of odd degree then it will be 
seen that one of its roots must be either +1 or —1. In case 
the equation be of even degree and of 2nd type then it wdll 
be seen that a:? —1 will always be its factor, e.g.^ 

0;c6 _j_ 55^5 44^4 _p 44^2 _ 5 ^ _ g ^ y 

or 6(;«» - l)+5x{x^ -1) - Ux^x^ -1)=0 

or (x* - l)[C(x^+4-1 )+5a:(x*4- 1 ) "■ 44x^J=0 

or — 1)(6 x^+5^*-“3Ba:2+5x-|-6]=0 

Above shows that (:«^-l) is a factor of the given equa¬ 
tion. The equation 6=0 is of even 

degree and of the first type,. i.€. the coefficients of terms equi¬ 
distant from the beginning and the end are equal, and is 
called in the standard kum to which all the reciprocal equa¬ 
tions can be reduced. 

% 

Ex* 1. Find the condition that the roots of the equation 
X*—/>x^-l-gx-r=t 7 be in harmonical progression. 

(Delhi Hon’s 5a, Agra 34, 37, 45, Pb. 36, 51) 

Hence solve the equation 6 x^— llx^^ 3 x-\- 2 = 0 . (Pb. 54) 

Since the roots of r=0 are in H. P., 

hence the roots of the equation 1=0 or of 
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rx^-qx^-\-px^l—^ are in A. P. and .let us take them to be 
a-~d, a and a-i-d. 

/. i;a=3a= ~ ; but a is the root of the 

r 8r 

transformed equation. 

hence the 

required condition is 27r* —9/>5r+2^®=0. 

The transformed equation of Oa;®— llx® —3Af4-2^0 is 
2 x®-3a'2-11x-|- 0=0 and its roots being in A. P. may be 
taken as c — rf, a, a-\~d. 

/. 2;a=3fl=8/2 or fl=l/2, 

and —c/“)= — G/2 or l/2.(l/4 —(/*)= —3 

or d^=:2’oji d=^ and hence the roots of transformed 

eq uation are —2, 1/2, 3, Therefore the ^ts of the given 
equation are -1/2, 2, 1/3. 

Note —See for alternative method Q. 5, P. 25. 

Ex 2. Find the conditions that the roots of the equation 

be in harmonical progression 

Take the transformed equation and find the conditions 
that its roots may be in A. P., just as in Q. 11. P. 31. 
Required conditions are 

and 25rh^q{r - “ 7^)* 

§ 3. To transform an equation intq another 
whose roots are the roots of the given equation witii 
sign changed. 

If^ be the root of the transformed equation, then>'=-^f 
or x=—y. Hence the transformed equation is obtained 
by putting X = 3 in / (flf)—0 and is therefore f 
which takes the form , 

... .+(-l)"an=0. 
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Rule :—If the given equatioa be complete {if not it may be 
made to take that form), then the above transformation is effected by > 
changing the sign of 2rtd, 4th, 6th i.e. all even terms i.e, by changing 
the sign of every alternate term beginning from the 2nd. 

Esc. I. Form equations whose roots are the roots of the follow¬ 
ing equations with their sign changed ;— 

{i) —5x^ — 7x-\-3=:^0. 

(it) a;®—5=6?. 

' (Hi) —4x^-[-2x^-~~3x^5=0. 

Ans. (i) 7x —8=0. 

(ii) The equation being not complete may 
be written as 

and the transformed equation therefore is 

AC®Qx^+O at® 4-"h 4* ^=0 
/ 

or x®-f x24-x4-3=0. 

(iii) — 4x®—2x®-3x-f'5=0 or 4x®+2x^-f-3x-5=0, 

Ex. 3. Solve the equation x^-3x^-^5x^-\-15x^+4x—12=^0 
which has got some pairs of roots equal in magnitude but opposite in 
sign. 

The number of pairs that the equation of 5th degree 
can have is two. Since the pairs are equal in magnitude but 
of opposite^sign and as such if a, ^ are two of its roots then 
—— jS must also be roots of this equation which means 
a, j3 will also be the roots of 

x®+Bx^ —5x®- 15x®+4x4-12=0 
i.e., the equation in which the sign of every alternate term 
is changed. Thus ot and jS are the common roots of the 
given equation and the above equation’and are obtained by 
finding the H.C.F. of the two w'hich is 

or (x2-.])(x2-4)=0 
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and dividing the given’equation by x* — ox^-\-4: the remaining 
factor is found to be ;p —3. Hence the roots of the given 
equation are +1, ±2, and 3. 

4 * To transform a given equation into another 
whose roots are the roots of the given equation multi¬ 
plied by a given number m. 

y 

If ^ be a root of the given equation, then y=mx or 

• • y 

Hence the transformed equation is obtainei by putting-^—-- 
in / (.v^=0 and is therefore 

yn yn-1 yn-2 

^0 “fi 4-Ol “-_1 + flg ^,>-2+ • • • + 0 

* * • 

Rule: —If the given equation be complete {if not, it may be 
made complete)^ then the above transformation is effected by multiply¬ 
ing the successive terms beginning from the 2nd by m, m^^ m®.. .m* 
respectively. 

Note, (i) The above transformation is very useful 
when we are dealing with equations with fractional coeffi¬ 
cients. We can get fid of fractional coefficients by multi¬ 
plying the roots of the given equation* by the L. C. M. of 
the denijmiaators of the fractional coefficients. ‘^Similarly 
if the coefficient of le^iiig term be not unity but k and we 
want to make it unity, it can be done so by multiplying 
the roots of the given eqiicftion by k. 

Note, (ii) If we have to divide the rftots of the given* 
equation by m, we say •that we have to rmiltiply its roots 
1 
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Ez* 1. Transform the following equations into one in which 
the leading coefficient be 1. 

(i) 2x^‘-5x^-\-3x-'4^0. 

(ii) 5x^']-3x^-\-2x-4=0. 

(i) The given equation being not complete may be 
made complete by writing, it in the form 

+3x —4=0. In order to make the leading coefficient 1, 
multiply the roots of this equation by 2, and the trans- 
forrrfed equation is 

2x^+2 {0x^)-2^ {6x^)+2^ {Sx)-2^ (4)=0 
or X* — 10a:® +12a: — 32=0 

(ii) x3+3x®+10x-100=0. 

E%. 2* Remove the fractional coefficients from the equation 

The L. C. M. of the denominators of the fractional 

coefficients being lOS, it will be very difficult to multiply 

the roots by 108 which would be very tedious and our 

purpose can be served by multiplying the roots by a 

smaller number say m. Split the denominators into 

smallest factors and multiply the roots by m. The 

transformed equation is 

5 7 ' 1 

2 ^: 3 ® 

It is easily clear from the at»!hve that the fractional 
coefficients can be removed if we choose m=2 X 3 and 
hence the transformed equation is 

a:8-15ac®-14ac 4-2=0. 

The following method nlay be used in finding the 
value of OT. The exponents of 2 in order are (1, 1,2). 
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Divide them by 1, 2, 3 respectively and we get the quotients 

as 1, f. The least integer not less than any of these 

quotients is 1 and hence 2^ will be a factor of m. 

« 

Similarly the exponents of 3 in order are (0,2, 3). 
Divide them by 1, 2, 3 respectively and we get Irtie 


quotients as 0, 1, 1. The least integer not less than any of 
these quotients is 1 and hence 3^ will be a factor of m. 
Thus m should be 2^x3^ i. e. 6. 

(■3 Y jf 




A X"* , .V“ 
^ “ 2 


^ + 

8 ^12 


■0, 


Proceeding as above we have to multiply the roots 
by '2^x3^ or by (1. 

Note. In this case we shall have to divide the* succes¬ 
sive exponents of 2 and 3 by 1, 2, 3 and 4 respectively. 


(in) 


X 


___ 

6' 60^200 ' 2250' 


-f 


If we multiply the roots by tn, then the transformed 
equation is 




Proceeding as above or otherwise, it is quite clear that 
tn should be chosen equal to 2 X 3 x 5 i. e. 30 in order to 
remove the fractional coefficients and the Isransfornied 
equation is x* - 5x8 _ 15xa-f-135x-}-360-'=0. 

Mxiltiplying by 10, 30x8+520x4-7^0=0. ' 

AU v4_A«3 i ^ /I 


(Pb. 4S) 
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by m. 


Make the equation complete and multiply the roots 


5.m. 


X 


3 




-f O.m^. AT-m^ -^s-- 


13 


22 . 82.52 • 

It is clear that nz=2*.8^.5* and this value of m removes 
all the fractional coefficients. 


Ans. 25x34.875x2-11700=0. 

(v) The roots of the equation 81x^— ISx^-36x-^8=0 arc 
in H. P. Transform it into another with Integral coejficients and 
unity for the coeftcienf of the first term, so that the roots of the. 
transformd equation he. in A.P. 

b'irsL find the equatioTi whose roots tiro the reciprocals 

of the roots o{ the given equation and multiply the roots by 2 
etc. 

Ans. x® - 9x2 - px- 4- 81=0. 

§ 5. To transform a given equation into another 
whose roots are the roots of the given equation 
diminished (or increased) by a constant h. 

• Let /(x)=s<Z(j.r”4-<iiX’’-i4^r2x"“2 +... 4-a„_ix4<^n—0- 

I 

If y be a root of the given equation, then y=^x~h 
or x—y-^k. Hence the transformed equation is obtained 
by putting x-^y^-h in f (x)=0 and is therefore / 
or tiQ (y-j-h)’*4-ai (y+^f''^~h .. • -bfl„=0. 

. The simplific^ition of the above equation will be 
‘difficult and let us suppose that ^.his equation when 
simplified and arranged in descending powders of y takes the 
form •. 'b-4n_i;)-bi4„=0.(2>! 

I 
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The problem is to find A^, A^. . .Af^. Now y^x-k 

^ (.V -/0”+^i {x-h'r^+A^ (x-A)«- 24 - .,. 

An-I {X-h)-\-An = 0 

or [A^ {x-hy*-‘^ArA 2 ® 

x(ac-A)+j„==0..•(;->) 

The L. H. S. of above is identical with L. H. S. of (1) 
and hence if / (.vj be divided by {x — n\ then the remainder is 
the value A^ and the quotient is 

/to {x-hf-^-rA^ (,v-/i)«- 24 - ... 

and the quotient when again divided by (.v-/.), leaves the 
remainder /In-i. If we continue the above process, then we 
hi rail find /1„, and t lie last quotient /Iq ts clearly 

< qual to a^. • 

Rule :— In order to find tlie iuuessive coefficients of the 
transjormed equation we have tg divide tke^iven complete equation 
h {x — h), the quotient again by x^k and so on. The successive 
rimaindcrs that are hft in the above procedure of division are the 
required coefjicicnts, the first coefficient being the same as that of 
the given equation. 

Note :—In case we arc to increase the roots by h i.e. 
diminish by —/i, then the division is to be done by (at+A). 
We shall use synthetic division as explained on P. 6. 

£x« Diminish by 2 the roots of the equation 

15 -~^ 0 . *. (Pb. 37 ) 

Let the transformed equation be 

AqX^A-AiX-'A-AzX^'^-A^x^A-A^x+A^^O where ^o=flo=l. 

In order to find these *4’s we have divide the giv§n 
equation by 2 by the process of synthetic division and • 
the remainder will be*^6. The quotient ’i^hen again divided 
by (x-2) will leave the remainder which will be the value 
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of and so on. 

The 

process is 

exhibited below. 

_2J1 

-3 

•2 

15 

20 -15 


2 

-2 

— 

8 

14 68 

Ql 

-1 

-4 


7 

34 |53=i45 

2 

2 

- 

.4 

6 1 

Q.2 

1 

-2 


3 

i0=At 

2 

0 


8 


Q. 3 

■ 3 

1 


|ll = ^g 

1 


2 

10 




Q-4 

'5 

114= 

i 

=A 

2 


» 

2 





7= 






Hence the transformed equation is 

11^®+40«+53—0. 

£ac.' 2. Find the equal ion whose roots are the roots of the 
equation 4^®— — 3=0 each increased by 2. (Pb. 1940) 

The equation Ibeing not- complete may therefore be 
written in the form 4^®+0A:^--2jc®-f-0x2+7:v —3=0. 

Also increasing the roots by 2 moans diminishing them 
by ~2i.e. we have to divide the equation byA; —(—2) in 
order to find the successive coefficients of the transformed 
equation whose first coefficient will be the same as that of 
the given equation i.e. 


-21 4 0 

-2 

0 

7 

-3 

-S 

16 

-28 

56 

-120 

Q. 1 -8 

14 

32 

-28 

-92 

63 

240 

-129=^8 

Q. 2 -10 

-8 

Q. 3 -24 . 

-8 

Q. 4 -32 

-8 

-40=^ 

'46 

48 

94 

64 

158=^2 

-120 

-188 

-3C6=i43 

i 

( 

r 

303=^44 
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Hence the transformed equation is 

- 40xH ir)8;«3- 308;r24-303jc-129=0. 

Ex. 3 . Diminish the roots of the equation 
5x^- 13x^- 12x-{-7^0 by 23. 

The usual process will be very difficult if we straight 
off begin to diminish the root^ by 23 because of the long 
multiplicntion involved. In such type of (juestions the 
diminishing may be done in two stages. \Vc shall first 
diminish tlic roots bv 20 and then bv 3 as shown below'.. 


20| 5 

-13 

-12 


7 


100 

1740 

34560 


'si 1728 


■34567=^3 


100 '1740 




187 

>168= 

^2 



100 





28f-=‘ii’^ 





Then the equation whose roots are diminished by 20 is 


5.v3+287 x^ +5468a:+34567=0. 

Diminish again the roots of the above equation by 3 
and the resulting equation obtained is 

5x^ -f 332.^2+ 7325;r+53689=0. 

Note —In case we are to diminish the roots by 17, then 
we should first diminish by 20 and then increase the roots 
of the transformed equation by 3 i.e. dirginisli by — 3. 

Ex. 4 * Find the equation whose roots are the roots^of 

each diminished by 3. (Agra 55 ) 

Alls. A:S-fl5x«+94x3-|-305x2d-507.v+35?=0. 

§ 6. Removal of terms :— 

Sometimes we want to get rid of a particular term* in 
the given equation. • • 

... +fl„_iA:+fln=*0..(1) 

We diminish the roots of /(Jc)=0 by a constant h and 
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the resulting equation is obtained by putting 
or x=y-\-h in (1) and is therefore 

«o (J+Af+% {y+hr-^+a^ (>'+A)"-^+ ... 




c 




4* 

4 - 

I 


aih+a^ J>»”2 

L “3!-- 2!- 


+ (w—2) j” 


Now it we want to remove any term we cciunte to zero 
the coefficient of^hat particular term vvhich is a function 
of h. The value Of th obtained from it will give the required 
number by which the mots be diminished in order to remove 
any term. It may be noted here that if we want to remove 
the 2nd term there will be only one value of h as its 
coefficient is a linear function of h. In case we desire to 
remove the 3rd term then we shall have two values of h for 
its coefficient is quadratic function of h and so on. 

Ex. 1 . (a) Show that the same transfoimaiion removes both 
2nd and ith terms of the equation, 

x*-irl6x^+83x^+152x-\-84:^0. (Pb. 34 ) 


In case we want to remove the 2nd term we should 
diminish the roots by h wdiich may be so chosen as to 
satisfy the relation naJi-{-ai=Q i.e. 4.1.A4-16=0 i.e. 
^=s'— 4 . It may be seen that the value of k makes the 
coefficient of fotirth term zer^. ' tlut we should better 
diminish the roots by -4 and then show that in the 
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transformed equation the coeff.cient of fourth term is zero. 


Ifj 

83 

152 

84 

-4 

C J 

-48 

-140 

-48 

^12 


■ 12 1 

3(5 

-4 

» 

-32 

-12 


■■ 8 

"~3 ! 

|0 (Note) 


-4 

-10. 

i 



4 t-lH 

^4 I 


Hence the transformed equation is ——0 
^vh^ch is w anting in both the 2nd and 4th terms. 

or (/-9) (A _r=9,-P, 2 .- 2 . 

Now ji=rA,'—^= j:+4; ac=v—4. 

Hence the roots of the given equation are 

(-3-4), (2-4\ (-2-4^ i.f. -=H*-7, -2, - 6 . 

(If) Solve the rquatlo?f x*-{-20x^-\- ^43x^-\-'^S0x-4-'^62=0 
by removing its 2nd term. (Pb. 37) 

Proceed as above. When the roots are diminished by 
--r>, botli 2nd and 4th terms are removed and the equation 
becomes j'*-7;,2-|-T2=:0. Ans. -7, -3, -5, +V3. 

(c) Transform the equation x'^-\-8x^-\-x— 5—0 into one in 
which the 2nd term is wanting. , (Vh. 48 ) 

Now naQh-\~ai=0 gives/?=—2. Diminish the roots b\' 
~2 after making the given equation comple’e. 

Ans. X* - 24x2+6?^- 55=0. 

Ex. 2 . Transform the equation x^—4x^—18x^^3x — 2=^0 
into one which shall want the third term. (Pb. 44 ) 

In case we want •to remove the thir^ term then the 
value of h is obtained by 1 ) j 
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where n—4, flo==lj “4 and 

/. A®-2A-'3=0; A=-l, 3. 

I 

If we diminish the roots by -1, the transformed equa¬ 
tion is 8^:^+1712—0 and iihhe taken equal to 3, 
then the transformed equation is 

.v4+8;c8-111^-190=0. 

Ex. 3 . faj Reduce the cubic 2x^ — 3x^ \-6x—1=^0 to the 
form z^+3Hz-\-G=0. 

.First multiply the roots by 2 in order to make the 
coefficient of leading term unity and the transformed equa¬ 
tion is ^®-3j^+12j-4 ==0. Now diminish the roots by 1 
etc. ^®+9^+0=0. 


(6^ Remove the 2nd term of the equation x^-^6x^~{-12x ^ 19 
s=0 and hence solve it completely. 

nrto/i+fli=»0 gives 3/t+0=0 i.e. h== — 'l. 

Diminish the roots by -2 and transformed equation is 
j 3^27=»0 whose roots are 3, i. e. 

But j=^e-/i=A;+2 2 and hence the roots of 

' -7+i.3i/3 -7-i.3V3 

the given equation are 1,---- , - —, 

• J a 


(c) Sdve as above the cubic x^— 12x^-\-48x-‘72^0. 

0, 3±iV‘^* Ans. 

§ 7 . Binomial Coefficients : 

The successive binomial coefficients in the expansion of 

n(«-l) n(«-l)(n-2) 

‘2! ’; § I 


(1+x)" are 


1 , n, 


..1 
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and that the coelBcients equidistant from the beginning and 
the end are equal. 

coeffs. are 1 1 

n—2 „ 12 1 

n=3 „ 13 3 1 

„ 1 4 6 4 1 


We have so far written thq, polynomial f{x) as 
+ . 4-an-1^4-«» = 0- 


It will be of great advantage if we take our polynomial 
which will have for its coefBcients the letters ao» 

.multiplied repectively by the binomial coeffici¬ 
ents in the expansion of (1 + ^)” i.€. by 


1 , 


n(n-l) 
«, -oT- 


n {n —1)( « - 2 ) 


1 . 


Let us denote this polynomial by fAn. Thus 




j.ni'oA) 
^ 2 ! 






Putting n=n-l, we get 


Putting n=4, 3, 2, 1, we get 

</)4 = Qqx'^ + 4rtix3 + 6 ^ 2 ^® 4 - +^ 4 , 

03= (IqX^ +3%^;® 4 8«2-v 4 fla» 

<i)2—aoX^+^iX+az, 

0i-flo*+ai, 

00^ ^0' 

It can easily be seen that the differencial coefficient of 
0« is n times i. e., 0^4=4.08. 0'3=3.02 and 

0'j=520i and so on. 

• t *« * 

Lot of our botheration of simplification will be Saved 
if we are to diminish the roots of a giveh equation if it be 
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ith binomial coefhcients as shown below : 


-f-nfl„_iA:+a„=0. 

p. If w'c diminish the roots by A i.e. y^x-h or x=y-^/i, 
i get 

a^y+hr+na^ ,,^(^,4 /,)n-s+... 

Simplifying, we get 
«o y"* +(««o^+ na 1 ) 

+^- flo^^+n(«- 1KA+... 
ich can be put in the form 

flo>"+n + • • =0 

Then the transformed equation is 

Aoy^+nAj -f ■” . -P 


ere -do—-^u -^a» *^3 .are the values of 

<f> 2 , <^3 . <f>n when X is replaced by h. 

Hence if v/e have a cubic equation with binomial 
fificients i.e. «o^®-}“5^fi|:r^-|-3fl2^+<2f3=0 and its roots be 
kimshedb^^A, then we can at once write down the trans* 
Tied equation as 

Aofi-dAiy^+SAt,y+A3=^0, 

ere i4o==% Ai^Of/i-^Oi, and 

s= -f 3 fliA*+ 3a2A 4- 

Similarly, if wfe have a biquadratic wdth binomial 
fiicients i. «. flo^*44aiflc®4*Gfl2^®+4tf8^+fl4=>0 then as a 
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result of diminishing its roots by A, the transformed equa¬ 
tion will be 

■^ 0 ^^+4^42 +6^42^^®+4*^3 y+-^4 =0 

where Aq, Ai, -dg, -<43 have the same values as above and 

^4 = + 4 fliA® + + ««. 

§ 8. Important symbols to be committed to 

memory. ’ 

Wlien the equation is written with binomial coefficients 
then we shall hencefourth use the following symbols. 

> 

jFJ^ wc ^3^2 ^2^ ^0 * 

<^0 ^2 

i _ » 

1 ‘ 2 ai as, ^3 

I *=^0^4 ~ ‘la2®3“l"^^2^* 

J =^0,QCln<l^ -{■ 2a2®2^3 ”■ ^0^3^ “ ^ 2 ^ “ ^0 ^2 

a 2 a 2 a3 
^2 ^4 

flo stands fcr coeff. of a;®, «! for one-third the coefficient 
of Af^, flg for one-third the coefficient of x and for constant 
term for a cubic with binomial coefficfents and similarly for 
biquadratic with binomial coefficients. » 

It may be noted that all the symbols have the 
following peculiarities :— 

(1) Sum of all the -five coefficients s=sum of the -ive 

coefficients. • ^ ' 

(2) Sum of the suffixes of the letters ‘a’ in each term 

.k • 


IS same. 
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and sum of the suffixes=l+l + l=3 etc. 

(3) Sum of the exponents of the letters ‘a* in each 
term is same.) 

There also exists a very important relation between 
bese symbols, i.e. 

The students may verify for themselves. 

§ 9. Reduce the cubic with binomial coefficients 
i.e, aoX®-f-3aiX®4-3a2X-f-a3—o to the form in which 2nd 
term may be wanting and the coefficient of the leading 
term be unity and all other coefficients integral. Also 
ivrite down the roots of the transformed equation if 
Pi y he the roots of the given equation. (Pb. 55) 

.( 1 ) 

Its roots are ot, jS, y. 

In order to remove the 2nd term let us diminir-h the roots 
of (1) by h ; then the transformed equation is 

If 2nd term is to be removed, then 

• h— — ^ 

^0 ^0 

( i ?) (^0 

ya3-3<*o<*i«2+2fli® G 


ind ^0=00. 
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Hence the transformed equation is 

a© «© 

J + “~3 . 

“0 

The roots of (2) are 

oL — h, jS — A, y — h 

fli „ fli , <2i 

a+" » /7 ’ /T ’ *•* 

3© 3© fl© 3© 

<7oa-f fli ao04-«i «oy + ^i 


...( 2 ) 


Now we want the coefficients in (2) should be integral 
and hence we should multiply its roots % a© and the 
transformed equation is 

^’+0.a„«H«o“.^V 4+V(§ 4 p. 37) 

i.€, “|~3//^"1-G=0.(3) 

is the required form and its roots are 

*•■(■'>?')• ••■C-'ir'') 

i.e, floa+flj, 3©^Hhfli, 

Hence ^=a©;;=flo {x-h)=^a^ I© 

If we put c=a©fl:-f in (3) and simplify, X will be equal 
to original cubic multiplied by fl©^ i.e. a^f {x). 


Again a+^+y ~ ^ , .% 


a+/3-l-y flj 


. m 


Now GasO has for its roots 

«©a-f <ii, 
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. (“+ 3 - “• (^+ J )- 0+^0 

Oo (*- -3--^) 0. { p - - 3—;. ««(^V- - -3 --; 

|»(2«-i8-y),^»(2jS-y-a),^»-(2Y-«-^ ■••(■'■') 

Ex. I. //a, (3, y, be the wots of 

len porite down the value of (2a —j3-y) (2j3—y —a) and 
?a-j 8 -yj (2^-y-a; (2y-a-i8;. (Agra 41 ) 

Let the equation be reduced to the form 
-e®-f 3//-C+G—0 where 

r,d its roots are (2a-)9-y) etc. 

c 

Sum of the products of^ the roots of the transformed 
quation taken two at a time = 3// 

‘'““i; ( 2 «-jS-y) (2|8 -y-«)=3//, 

9'7 // 97 

(2a-^-y)(2/3-y-a)=- a -=—2 (flo« 2 -V)- 

«0 ^0 

3 

similarly ^ 7 ' y) t 2 ^— y - «) ( 2 y - a - /?) = product 

‘ the roots^of the equation taken all at a time— -G, 

(2a-;8-y)(2|0-y-a)(2Y-a-/3)=-?l^- 

< 2 o 

27 

•— — ^3 (<*0*^3 "■ 3<io®jaa-{-2ai®^), 
“0 

§ 10 . Reduce the biquadratic |^th binomial coeffi- 
ients i. e. aoX^H- 4 aiX^ 4 - 6 a 2 xM- 4 a 3 X+a 4 »:o to the form 
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in which and term may be wanting and coefficients 
of leading term be unity and all other coefficients to be 
integral. Also write down the roots of the transformed 
equation, if a, y be ^he roots of the given equation. 

/ (■■^)=-}- 4a3.v -}- fl4—0.(1/ 

Its roots are a, y, 6. 

In order to remove the 2nd term, let us diminish the 
roots of (J) by h ; then the transformed equation is ' ' 

4-^2j®-j-I/I 3 y +/I 4 = 0 . 

If ‘2nd term is to be removed, then Ai=aQh-{-ai=0; 


• • f6— — • 


Of 


w 

For this value of h, g afe in § 9 


^0 


and 


bfloai'aa “ 






(students may verify) 


and 


Aq’’^ 


9 


Hence the transformed equation is 


«o/ + —/+ -sJ + 

"0 ^0 


, , 4G 


Q(\ 


-==0 


or 


6i/,.4G 


A I 9 I • 




Ct 


=-0. 


The toots of (2) are «-/i, y-/i, S-A 


or 


«+?etc, or"^2^±fi 




etc. 
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Now we want that the coefficients in ( 2 ) should be 
integral and hence we should multiply its roots by Aq and 
the transformed equation is (§ 4$ P. 37) 


Z+ao*.-—- ^— =0, 

v*|\ Qq Oq 


.. .(B) 


U -tH6//^®+4G^+(V/-3//2)=0 

is the required form and its roots are 

r , fl0 etc. i.e. (floa+fli) etc. 

Hence ^==sao” A)—<*0 

If we put ^=Ao^ in (B) and simplify, it w’ill be equal 
to original biquadratic multiplied by flo*» ^0® / (^)- 

Again «+;84.y^8=-^|J: /. _*+to+J=3 ...( 4 ) 

^ ^ «0 

Now z*i-iyHz^+^Gz+{aQ^I-'‘^H ^)—0 has for its roots 

(floOt + Ai) etc, or Aq 

/ (XjS-j" y-b S \ 

or ^0 ( *-1-J etc. 


or '(3a — y- S) etc. 

Ex. f. If tn, -8, y, S be the roots of 

c 

AoX*-f 4 AiA:® 4-5A2«* +^Ag^f+A4t=: 

then write down the values of the following :— 

(i) 2:(3a-i3-y-8J f3i8-y-S-a), 

(ii) i^(3a - ^- y - 8j (3^- y - S - a) f3y - 8 - 4 
(lit) (3a-^j8—y-8j f5j8—y —S.-a) f3y —8 —a—jS) 

X(38-a-i8-yJ.'“ 
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Proceed exactly as in Ex. 1 § 9 and the required 
values are 


96K 

0) 2 . 

«o 


/-v —250 ^ ..... 256, 

(") -TT- G, (ill) - f :•!//*). 


«o 


Ex. 2. (a) Find the condition that the 2nd and 4ih terms of 
the biquadratic aQX*-\-4aiX^-^6a2X^+4a3X-\-a^i=0 be removed dy 
the same transformation, ' 

Let the transformed equation when the roots are 
diminished by h be Aoy*-{-4Aiy^-{-6A2y^-h4A3y-{-A^^O. 

If 2nd and 4th terms are removed by the same Irans- 
forTuation, then the value of h which makes A^ vanish 


sliould make ^4^ zero. ^i---=Co/z-f-< 2 i:= 0 ; /i= - — and for 


Ur 


G 


tliis value of h, A^— Hena^ G=0 is tlie lequired condi- 


a 


lion. 


(b) Find the condition that 2nd and 3rd terms of the cubic 
diiX^-\-3aix'^-\'3af^-\-a2t=^0 are removed by the same transformation. 

(Pb- 55) 


H==:<2oa2 —«j^ = 0. 

Ex. 3. Find the condition that the biquadratic 
I (x^-\-2px-{-q)'^-\-m {x“-\-2px-\-q)-\-n 
may be capable of being put in the form 

I [(x+p)^+(q-p^)fA-m [(x-\-pP+(q--p'^)]+n. 

If we put x-{-p=sZi then the transformed equation will 
not contain 2nd and 4th terms i.e. of and t and hence 
both 2nd and fourth terms are removed by the same trans¬ 
formation and as such G of the given biquadratic must 
vanish. 


Ex. 4. Prove that J vanishes for the equation 
m (x—nj*—n (x^m)*sss0. 

On simplification the 'above equation reduces to the 
form. —6mnx®+4m« (m-f-n) x-^mn (m*-f n*-f m«)5=0. 



Theory of Equations 


ns 

From§ 8 , J—I and putting the value? 

of 

^2 ^3 

^2 ^3 ®4 

J^imrif 1 0 -w« 

0 —1 ’ m-\-n 

— 1 »i4-« — 

‘Now acid Rx to and then expand etc.— 0 . 

§ II. To form an equation whose roots are any 
powers of the roots of a given equation. 

Let/u)^(x — (X-i) {x - y. 2 ) (v - as).... (x - a„). 

li- we are to fnd an equation whose root? arc pth 
powers of the roots of tlic given equation, then we shcnild 
change x into ' r 

ax, bx, cx, dx, .An the above identity where a, b, c, d.... 
arc the p root? of the equation .v*’— 1 = 0 . 

Multiply both members of thci p identities thus obtained 
and we shall have 

cP (x)=(xP - oLx^) {x^ - ag**) (.vP - a 3 *»)... (x»» - a,/). 

Now' put x^=y in both, sides and the equation thus 
obtained in jv wdll have for irs roots aa**.. .«„**. 

Ex. 1 . {a) Find the equation whose roots are the squares of 
the roots ojyhe equation • • -A-pn^O- 

4 ./> 2 X"- 2 _p .., -b/»^=(x - ad {x - aa). .(x- a„)...( 1 ) 
Now' the roots of 1=0 are 1 , —1. Replace x by 
1 .x"and — 1 .x in both sides of ( 1 ) and we get 

. ^ (x”+/;ax«-l+...)+(AA:«-i+/3X«-3.f...) 

=(x-ad (X- 0 C 3 ). • -(^-aP 

“and (- 1 )" [(x” + A + ^..) - (• • •)] ‘ 

=(- 1 )“ [(x+ad (x+ag).. .(x-f a^]. 
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Multiplying both,sides of the above identities, we get 

={x^ - ai®) {x^- ag®). , .{x^- a„®) 

«)r c 2 p 2 -H (A* - ‘^AA-+ H. • • 

^ (^3 - a^-) (x** - ag*)... (^^ “ *n^)- 

It is clear that the powers of x in L. II. S. will l9e* 
multiples of 2 and hence may be replaced by;; and the 
required equation is 

r+{^p2-pi^) J”-'+( A'-‘2AA+2A)r-2^.,, 

Hencey‘i-(2A-'A*)d’"~’ +• • ^ ths required eejuation 

whose roots are ai^, olo^. . .y.,p. 

'Hi;' Find the equation whose roots are the squares of the roots 
of the equation + + •»'-■= n. . (fb. 43) 

In practice we may however follow J.]ie method given 
below. Keep those terms of x ,whose powers are mulliyle 
ot two on one side and the rest on the other side. 

— Square and put A;-~_r. 

(jr 1 - qy-\-s)^~y ( py-]- rf; Simplifying, we get 

_ (^2 _ 2^) _>3 _L _ 2/)r -f 2 j ) y^- (r^ - 'iqs)y -}- j2 ^ q 

IS the reejuired equation. 

/ 

If OIL, y, 8 are the roots of the equation 
X* -f- px^ 4- qx^-\- rx -\-Sf=^0. 

find the value of ' ^ 

(i)ZoL\ (ii)SoPP\ (Pb.35) and (c) 

P'irst find the equation whose roots are the spuares of 
the roots of the given equation and let its roots be 
A, B, C, D. 

• » 

Hence we have to find 2^A, SAB and SABC of the *new 
equation which from part (b>are respectively 
^- 2q, q^ - ^pr-F 2s and r* - 2qs. 
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(d) Fhid the equation whose roots are the squares of the roots 
of the guartic equation x^-{~bx^-{-cx-\~ds=0. 

Hence or otherwise show that i f a, ft, y, 8 are four numbers 
such that Va+Vi3+ Vy+ then 

64oLl3yB - \4S ol8 - (Z oLff=^0. (Pb. 56 ) 

Putting />—0, q=b, and r=r, s=d in part (b) etc., wc get 
/ -b 2A)-3+(62 4- 2d) / - (V2 - 2bd) y+d^=0 .(1) 

If the roots of the given equation be V«> Vj 8 . \/y)i V5 : 
thciii V/^+Vy-f V^—0 as the term of is missing. 

The roots of the new equation are therefore a, f3, y 8, 
Putting the values in tlie given relation from (P), we get 
64 - [4. (b^-h2d) - 462]2= 64r/2=0. 

Hence proved. 

(e) Calculate Z the general equrJion 

. . 4-/’„_ix4-Aj=f^ (Delhi Hon’s 48) 

Ans. ( p 2 Kc’'Gr ])art (a) and (c). 

(f) Find the equation whose wots are the squares of the rno's 

of the equation x^-\~px^-\-qx+r=0 and hence fnd the vahre of 
Z for the given cubic, a, /?, y being its roots. (Pb. 40 ) 

Ans. ^q) +(<?® — 2 /)?) j — r®= 0 , 

Z y.^B^=(q^-2pr). 

m U y are the roots of - ax^-Fbx^c~0, then prove 
that tXe ftfea of the triangle whose sides are a, p, y is 
* I [a (4ab^a^^8c)f/^. 

If case the triangle be righi-pngled then prove that 
a (4a.b— a^-j8c) (a^ — 2b)==8c^. 

We know that if j be(the semi-perimeter of a triangle, 
tluQ^ its area— V!/ (/-U - y)l 

^[s (a-f/34-y)4.j (a^-b/3y-bya)-aj8yp/^ 

“2 2 * 


Now 



Transferniajjion of Equation 

r a a , \T''* 

= I [a (4ab - - 8r)P''^. 

A^^.'iin if the triangle be right-angled then oc“-r^^-=y^ 
or a®-j-i8^+y^=2y^ 

or (a-}-^+y)2- 2 (a,8+/Sy + ya)-2v^ 


G1 


or 


(«2-2i)=2v= or’ 

Ikit y is a root of the given equation. Therefore 

y {y^+b)=ay^-\-c. 

Putting for y^, we get 




(a^ — '■2b) 


or 


o 


/fa^-2b\ a 


a^-2b 


or 

or 


Squaring . 

{a^- 2b) 


a- 


- = — 2b)^~{-ac (a® — 2b)~\~c^ 

4 ’} 


a \a^-2a {a^~2b)~Sc] — c“ 

o 


a {a? — 2b) (4ab - ^ He) —Pc® 

Find the condition that the cubic equation 

x^-px^-^-qx — r—O y 

should have a pair of roots of the form a i fa and show how to 
determine the roots in that case. * (Agra 33 , 375 4 a) 

The third root will evidently be real and let it be jS ; 
then sum of the squares of the roots, 

/3®-j- (a4- fa)®-f (ot — fa)*=/'^ — 2^ 

or j8® •+ ‘2a® -f - 2* ®a® -f- 2f a® - ‘2ia® —/>® — 2^ 

or j9®=/>® —2^. 

Rut iS is a root of the given equation. 

or y/{p'^-2q) {p^-2q+q)=p squaring. 
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or 2q) ( p^ - 'Mf +2/>r (- 2^) + r® 

or (p'*® - 'Iq) {p-^ - 'Iqp^ +9^ +/>"*+ "2i9p^ - 2pr)=r^ 

• or (ps - 29 ) ( 9 ® - 2pr) - r"=U 

is the required condition. 

Also having found /3 we can divide the ccjuation by 
.V —/i and the remainnig roots can be found for the quadratic. 

• Ex. 2. (a) Find the equation whose roots are the cubes oj 
the roots of the equation 

+p2X”-^ +AiA”~® + . • . +pn- +p«. 

[Agra 42, 5iJ 

. . . -\-pn-lX-{-pn 


- 3 (a’ - a J (x- 7 . 2 ) f.v - X;,)... {A- — a„) 
or ( pn ’Fpn-i '^^ +...) + -V ( /'n -1 + . . .) 

V Kpn-2 -b/'n-sA'^ • - • ) — ^ “ 2 ^ 2 ) f^ - a„) 

or T f Q,X f ^ V - iXi) ^x - x,) (x - cf..^) xj .(I) 

where P, Q,, R stand* for expressions which involve powers 
of X that are multiples of d only. 


Now the roots of x^—1=0 are J, <*> and co^ wlicre 
l+a;-bw2=:0 and <o* = to^.ct)=sa>. KepK icing X 

by 1.x, tu.x, and ui^.x in the above Identity, we get 

P+ (lx H- Rx-~~{x - xi) (X - 02) (X - xg)... (X - a„).( 2 ) 

- P-\~ Q,0>X -F RuPx^:^{wX — Xi) (wx — a 2 ) (cox — X;,) ... 

(cox-x,J,. .(d; 

P-i*(lo}^X-i-RcjX^^(ai^X — Xi) (oi^x — x^) (cu“X — x^). . . 

(ty^X-xJ. . .( 4 ) 


Multiplying both sides of the above three identities, we 
^et JP® -f Q,®x®+i2®x® - dTQ,i?x2— ^.y.® - Xj®)... (x® — x„®). 

The L. H. S.^ of above contains powers of x which are 
multiples of 3 and hence repladng x® by j> in both sides, we 
get the required equation. 
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Note. (<i+^ f(fl+4- ceo) 

==(a+fj-j'C)(a^rh^^^^-" — 6r — cfl)=fl3_|. ^3_|. 

(b) Find the equation whose roots are the cubes of the roots' 
of the equation x^-\-px^-^qx-\-r~G and if a, ft, y be the roots of 
the given equation, Jind the value of S v? and 2J y?ft^. 

(Agra 40, 52, ^ 

When the equation i? of 8rd degree we nmy follow the 
nM'lhod given below. Keep those tenrs of x whese powers 
are multiples of 8 on one side and the rest on the other 
side, ■ • 

x^-\-r—-{f)X^-\-qx). 

Now' put .v®=^ or x—y^!^ 

v-f r =s - (/n.’2/3-f ^yl/3).(1) 

('ubing both sides, we get , 

( r-f -1 p^y-fq^y-\- ‘-f^q - ( p %^'®4 (7 . 

Tut /;j2y3 ,.1/3-- - (j _p frotn (1) • / 

.*. y ^+ 8i "r+ 8 vr‘^+ r^=*- [ py -f q^y - \-\pqy (y + r)]. 

Simplifying, we get the required equation as 

j.3_p(y^3_ j. 2 _p (^^3 _ Ppgr-{- 8r“) v 4 -r^=0. 

The roots of the equation are a^, /S®, y®. 

/. E(rP=—ip^—'.^pq+'dr) and 2 'a®jS®^(/ 7 ® —8//^r-f dr®). 

(c) If CL, ft, y be the roots of the equation x^-j-px^ —1=0, 

fndE<y?ft^. (Pb. 33) 

Proceed as above or put <7=0,and / = -! in EotPft^ 
of part (a). ^ Ans. 8. 

(d) Find the equation whose roots are the cubes of the roots 

of tlw equation (Pb. 41) 

Ans. j)?®4*88r®+12^’+f^==0 . 

(e) Find the equations whose roots are cubes of the roqts 

of the equation (i) x*—2x^-'~ x^-^2x-i-1^0, 

(ii) V-^®d-2^®4-3A:-f i== 0 . (Agra 42 ) 

(i) X (.v®4 2) - =2^c® — 1. Put x^=y . 
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or .(1) 

Cubing botli sides, 

Putting (^-^-2) - y^i^=2y - 1. From (1). 

we get 


y (j+2)® -f- '?ty ( y+2) {'2y - l)=(2r- 1)3. 

Simplifying, y-8j3q-l/jj2-p8))4-l=r0 is the required 
equation. 

7ii) j^^4-14^'®4-50>'^4-6^+1=0. 

(f) Show that the roots of the eq, — r^—O 

differ by a constant from the squares of the correspondhig roots of 
x^-{-qx-{-r=0. 

First find the equation whose roots are th{3 S(|uares of 
the roots of the equation 0 which will be 

y^-\-2qf \q^y-r'^-s^0. Now remove its 2nd term by dimi- 
nishing its roots by h, so thal 


i,€. 



and we shall get the same equation as given, 


whose roots are therefore a^-h, ff^-h, y^ — h. 

(g) Show that the cubes of the roots of the equation 

x^-\-ax^-\‘bx-\’^ah=:iO 

^ by the equation j 

^// x^-{-a^x“-\-b^x+a*b^::sO. 44 ) 

\''' (h) U fx is a root of the equation x*-\-ax^-6x^—ax^ls=^0 

iiien show "that is also'a root. / Hence show that the other two 

1 — A \ t 


roots are — 


a-i 


a " a+ i ■ (Pb. 58 ) 

Since a is a root, a'*+fla®“6«^“fl«+l==0.(1) 

I'Foc 

Putting » we get 

[(l+a)*+(l-«)‘]+<i ( 1 +a) (l-«) [(l+a)»-(l-«)»] 

-6 (!+«)* (l -«)*=0 
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l4-a 

On simplification it reduces to 1. Hence is also 
a root. 

Again if we replace x by — l/x, we get the same equa¬ 
tion and therefore if a is a root then -1/a is also a root and 

.f 1 . , l+(-l/a) . a-1 . , 

II — IS a root then t. e. — r is also a root, 

a l-(-l/a)* a+l 

Proved. 


§ 12. To find the equation whose roots are the 
symmetric functions of the roots of a given equation. 

Let the given equation be/(x)==0 and the transformed 
equation be in where r and ^ are connected by the rela¬ 
tion (a:, jj')==0. From the relation we find the value oly 
in terms of -v and substitute in/( jc )=0 in cyrder to_^get the 
transformed equation. In general we have to eliminate x 
between /(-v )=0 and </» {x, j ^)=0 for gettii;fg the new equa¬ 
tion. • 

Ex. I. (a) If «, p, y are the roots of the equation 
x^-{-px^-\-qx>\~r=0, find the equation whose roots are /J+y, y+«j 
and hence find tne value of 
(i) £ (p-j-y) (y-j-x) 

and (if) iP+y) (y+a) (a+/3). (Pb. 44 , 49 ) 

Let _y=i3-j-y=a+j84-y —a— 

<x=^-{y+p). , 

t 

But a is a root of the given equation and^ hence this 
value of a will satisfy the given equation and therefore the 
required equation is 

-{y+P)^+P {y+p?-Q{y+P)+r^Q 

or and let its roots jS-fy 

etc. be denoted by A, B, C. 

/. (i) ^), and (ii) 

(b) Find for the same cubic the equation whose roots are 
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^Y+~. ya+l". “/*+ 


(Agra 58) 


a a a y 

Ana. (1 -»") y^^P (1 ““ 0 — r)*= 0 . 

(c) Find for the sam cubic the equation whose roots are 

^ 4 * 7 ’ 7~H** 

a a a /jj 

—I — or a=-/-f-etc. 

P+Y p4-y-|-a-a -/>-« 1+^ 

Put the value of a in the given equation and 
simplifying, we get the required equation as 

{r-pg)y^-\‘('^r-^pq-i^) /+(:v-/»(?) >»4-f==0. 

i 

(d) Find for the sam cubic the equation whose roots are 
Oi OS-fy), /3 (y + a), y (a+/3>. 


J = 0/3+ay=a/?-f/?y+ya - ^ . 


*i'®y 1 ^ . 

or v= 5 - —=^H- /. a—-etc. 

Alls. y-25';'®+(/>f+fl^)7+(r®-/>5r)=sO. 
w /or the same cubic the equation whose roots are 

_«_ ^ _V, J 

/ 3 + y - o’ y+a - a+~^ - y' jAgra 57) 


. Here 
« 

Ans. 


a« - etc. 

l+2;> 

c 

(f* - 4 ^ j+8f) 12 r) ^*+(6f j) j> 

+r—0. 
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(f) Find for the same cubic the equation whose roots are 
- (x2, y a - ^2, a/3 - y *. (Pb. 37 , 39 ) 

Also find the value of * 

and 

^=j 8 y— a®=(aj3+/3y+ya) —a^ —y« —a* 

• ^ 

Ans. ,(3^®—/?*) (3</® — p^g )+(r/>® — 5 ®)=0. 

(i) ‘dq^—p^q, (ii) 

Ein<f for the same cubic the equation whose roots nfe 

a® - /3y j 8 ® — ya y® - a^Q 

, - , - 


a 


y 


Here or a——etc. as in part (/), 

a y+p . ^ V 

f (j!?+j)®- </* (p+jf- ^*=0. Ans. 

(h) If a, /3, y ore /Ae roozj q/’x® —;f- l^s=0,find the equation 

, i-f-ai-f-zS^f-j-y -- j , 

a;/wJ€ roo/J are //ence write down the 

i-a 1—y 

value of S 

Let ^-=1^; /. ^(I-a)=(l+a) or 

Putting in tVie given equation and simplifj’ing we get 
the required equation as 7^®— 

1 -l-a 

S - =sum of the roots of the above eqpuation= -* 7. 

Ex. 2 . (a) If IX, jS, y be the roots of the equation 
x^-]-qx-\-r==:0,firul the equation whose roofs are 

/:] ^“hy y+* 

a® ’ i 8 ® ’ y* * . (Pb, 4 a) 

(ii) Ji + iL.|+£, . 

y fi IX y K (Agra 41 , 50 ) 
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yS-j-ya+a*, 

(i) _ji 

a ’ 

a= - — etc. 

f>® - - 1 = 0 . Ans. 

ii\) v=l^4- y 

' y /3 isr ■ /37 ■ i8y “• 

a4-^4-y=0 

or j^-4.2=^=-^- ; .*. a»+r (j?+2)=0. 

Also a®4-ga4-f=0. 

Subtracting, we get (j + l)=0 

r (y+i) 

or 1 a= i etc. 

q 

*■ Ans. r2 (j-f 1)3+53 (;j 4.1)4- 
(iii) 

= a®+ya^ a/1— (ajS+j8y-|-ya)=a. Ecu — E(y.fi 
=0—9= — ^. Similarly each root is ^ and hence 
the required equation is (j’+^f)®=0. 

(b) Prove that if jv=a^ (Z^+yj ivAcr^ a, jS, y the roots 

of Jc®+ + r== t?, then j® - +(g®+ 5r® j - r®= 0 . (Pb. 3a) 

■/Ex. 3. (a) If the roots of the equation 

6x^+1 lx--6^0 

/ 

be OLj ytfind the equation whose roots are 

^2+y2, yHa®, a®+^2. (Pb. 44 45), 

First find the equation whose roots are the squares of 
the roots of the given equation and let its roots be A, C. 
Then from this equation find the equation whose roots are 
B-fC, C-\-A, A-^B as in E*. 1 (a) P. 65. 

. ' ^*- 28 ^®+ 246 - 5 :- 650 = 0 . Ans. 

(b) If the roots of the equation Qx^-\-x^‘\-x-\-l=^0 be «, jff; y, 
find the equation whose roots are 
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Fiist find the equation whose roots are the squares of 
the roots of the given equation and in the new equation 

put and the equation thus obtained will have itgr-. 


I X L 

roots -.r, 7 ^ , , say A, J5, C. Now we have to find an 

a- ’ jS® ’ y2 ’ 

equation whose roots are £-^C'-A etc. 

19—0. ■ Ans. 


(c) If the roots of the cubic 1=^0 be (t, 

find the equation whose roots are ^ 

1 1 1 1 ^ ± j ^ ^ 

^■3 + “3 - ^3 ^ y3 + ~ 3 - ^3 ^3 ' yK 

First tir.d the equation w’hose roots are the cubes of 
the roots of the given equation 

12^2^172^ - 207‘2=0. Ans. 

(d) If the roots of the equation x^-\-px^-\-qx+r=i0 be a, jS, y, 
find the equation whose roots are 

(i) 

(ii) ^2-Py2,y2+«2^a3_p^2. 


Proceed as in parts (a) and (b). Students should be very 
careful in simplification which is quite lengthy and tedious. 

(i) Z^-ip^-2q)z^-(p*--4p^q-\-8pr)iA-p^-()p*q-\-^ph 

-f- Hp^q- - lC/> qr -f 8r®—0. 

(ii) z^-2ip^- 2q)z^-\-{p* - 4fq + 5q^-2pr)z 

-{p^q^- 2ph -\-4pqr- 2q^ - r*)= 0 . 


Ex. 4 . (a) Find the equation whose roots are the ratios of the 
roots a, y of the cubic x^-\-qx-\-r=-0. » 

^Agra ai, 29 , 41 ) 


a 


Let (there will be six such ratios). 
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or 


/. Now/(^=0 and /(a)=0. /. /(i9j)=0 


Eliminating between these two 

_ „J?_1__ 




and /3®= — -—. 
J' 1 +J 


Now /8®=(/3)®. 

. 1 ^ r®(l4-j> +/)^ 

*1+;' 7^-/(i4-y)®’ 

{I-{-y +y^f +5V (1 


is the required equation of sixth degree. 


{b> //a,iS,y be the roots of x^-{-px^-\-qx-\-r =0, find the 

equation whose roots are a^+^jSy, j9®+2ya, y®+2a,8. 

* 


Let ^=a®4-2^y=a®H- 


2 c^Sy__ 


a 


= 0. 


2 


2r 
‘a ' 


/. a®4-0a®-oy>-2r=0 .(1) 

Also a®+/>a®+^aH-r—0.(2) 

Subtracting, we get 

poL^+OL {q +j>) 8r -•= 0.(8) 


Again multiplying (2) by 2 and adding to (1), we get 
3a® ^ 2/»a®4-(2g — jv) ot =0 

or c 3«®+2/a+(2g-^)==0.(4) 

Solving (3) and (4) by the method of cross-multiplication, 

_ _ _a _1_ 

(ffy){^f-^) - ^pr'^gr -P ( 2 <? ->)■“ 31 ^+ 5 )' 

Eliminating a, we get 

[qr -/» {2q -y)f^[2q^ - epr+qy -/] [2/>® - ‘Sq - 8>], 
Simplifying, we get • 
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(- 2/>2+3g- 3g 

— V6pr-\-ip^q) +( 4 />* 5 ^-- - 6q^+lSpqr 

->Slr^~4pY-{‘Sepqr)=^0 

or _>®— p^y^-\- q {2p^ — 3q)y - (4 p^r - 18pqr -f 27 r^) =■ 0. 

(c) If <x-s ^3 y are the roots of x^~\-qx-\-r—0,Jind the equation* 

whose roots are /a+WjSy, l^-^myot., /i+majS. 

T . ■ « , aiSv , mr 

Let y—l<x.~{‘mPy=l(x.-\-m— =la -, 

OC CK, 

.*. l(x}~y(x-mr=i=0 .‘ . .’.(I) 

Multiplying both sides by a, Nve get 

/a^——m/a=0 .(2) 

Also a3-}-^a+r=:0 as a is a lOot of the given equation. 

/. /a®“f <jf^a-|-r/=0. i'-^) 

Subtracting (2) and (3), we get 

yaL^-{-{ql-^mr)<x.-\~rl=0 * .(4) 

Solving (1) and (4) by cross fnultiplication, vvc get 

a 1 

- yrl -f mr {ql +mr) — rnry - rl^I {ql-\- mr) -j-y^ ‘ 
Eliminating a, we get 

r® {my 4- =r (m^r +Imq - yl) {ql^ -f +>'^) 

or y^-mq y^-\-{l^q-^Slmr)y-{-lh—l^mq^-Qlm^qr — m^r^ssQ. 


E*. 5 . If a, P, y be the roots of the cubic 
<ix^-{-3bx^-\-3cx-{-d=0^ 
prove that the equation iny whose roots are 

i8>y-2(x' y-ha-2i8' a+i8-‘2y 
is obtained by the homographic transformation 

axy-\-b(x-\:y)-\rC^ 0 . (Pb. 45 , 51 ) 

Also find the equation in y. , 


jSy-g^ * tti8y«4X* ? * 
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or 'd>ybix,-\~?tyao?ssid-\-a(x.^ 

or aa? — Syaa* — BjAa 0. 

Also <2ot®+36(x®H-3ra+£/=0. Subtracting, we get 
?a*(6+fljj)4*3a (c-\-by)=0 
or X (b-i-ay)+(c-j-by)=0 

i.e. axy-^b (A:-}-jj')-f-(;=0. 

Again xs= Putting this value of x in the 

given equation and simplifying, we get the required equation. 

' *Ex. 6. If a, jS, y be the roots of the cubic 
CqX^ + + 5^2^ + «3 = Of 

find the equation whose roots are 


;8y-a2 ya-/32 ajS-y* 

/8+y-2V a4-i8'~2y 

(Agra 34, 35, 40, 46, 48, 53) 

2/?y —ajS—ocy 2^ol py — ptx. 2a^—ya—y/3 
■jS-hy-^a" ’ ■ y-f a-2/? 

(Agra 37, 45) 

(i) We have already given one method in Ex. 5; 
alternative method is given below. 

Diminish the roots of the given equation by A, and 
the transformed [equation ds aQj^ j-SAi y^+SA 2 y-i-^ 3=0 
(§ 9 P. 52). 

Its roots are a—A, p—h, y — hi.e. say {a, b, c) Apply the 
condition that a, A, c are in‘G. P. and the condition obtained 
as in Ex. 4 (a) P. 24 is Aj^.Aa—aQA2^^0 

or (floA-ffli)® (eioA®-f 3 ^ 1 ^* 4 - 302 ^ 4 - 03 ) 

-Oq {aoA*+2oiA4-Oa)®*=0.(2) 

Above relation reduces to a cubic in h. But since 
.a —A,/3—A, y-Aare in G. P., 

/. (i3-A)*=(a-A)(y-A) 


(i) 

(ii) 





Transformation of Equations 


73 


or 


h 




\ required root. 

7+a-‘2i8 ^ 


Hence replacing h hy x \n (2), we get the required' 
cubic. 

Simple Form. For the s ike of simplicity let us put^ 

^=ao’+«i; 

/. aox24-2ai.v-f 

Oq 


a, 


0 . 4 ] 


Similarly aQ,r®+,Si2iX^4- ^02x4-0^ 

=A U»+HH^+G] Isee 5^ y„P. Xi\ , 

Uif 


and 


+4fli X®-1-bu2 ^ ^+-1 + « > 

= A U‘+0K;'*>+4Gc+(«oV-:W-)]. 

On 


Hence the reijuired equation can be put in the form 
(see ^ 10 P. 55), 



U“+3H4:+G]-flo 



or G^3-8H2^2 «//s=o, 

.4 

where c=«o^+ai and x i.e. h is the new root 

(ii) Diminish the roots as above and apjdy the condi- 
tion that the roots a-A, jS-A, y-h of the transformed 
equation be in H. P. and the condition obtained as in 
Ex. 5 (a) P. 25 is — wdiich reduces 

to a cubic in h, whose value under the given condition of 
roots l^ing in H. P. comes out to be any of the required 
roots. In the abovb conijition replace^ift by x and putting 
a^x-^di — Zi we get the required equation in simple form as 
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z^+H\rz^+'dl U-¥G^ 


+2 

nhich reduces to the form 

^3 - 12H V - ^^HGz - (GH o//3)=.-o 
where z=aQX-\-ai and x i.e. h is the new root. 

The roots of the biquadratic 

+ 4 fl j X®-f -f 4 ^3-V + fl 4 — 0 

are a, jS, y, S find the cubic whose roots are 

j6y — aS ya — jSS a/? — y ^5 

yS-j-y —a — S y (X, — j3B oc-f-/?—y—S 




(Agra 46 ) 


Diminish the roots by h and the transformed equation 
is 

OL-h, f3-fi, y-h, B-h. Apply the condition thnt the pro¬ 
duct of two roots of this equation—product of other two as 
in Ex. 10 (a) P. 29. 

y4iM4 — <3o^3^=0 which reduces to a cubic in h 
whose value under the given condition comes out to be any 
of the new’ roots. In the above condition replace h by x and 
floX+fli by We get the required equation in simple 
form as 

or 2G«»+W/-12H») c3-r,HC«-G2=-0 

where ^rnd x i.e. h is the new root. 

' ,^C^. (a) if OL, A y be the roots of the equation 
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form the equation whose roots are 

(<X-I 3 ) (c,-y), (P-y) (P-Oi), (y~x) (y-P). 

(Agra 6o) 

Let us remove its 2iid term by diminishinf^^^ the roots of 
tlic given equation by h i.e. — and the new equation i^ 

Oq 


y^-t 


■JLI p • 

" y+ l§ 9, P. 5HJ .( 1 ) 


«o‘ ' ■ «0 

Its roots are a — L ^—h. y — h say A, B, C. 

Now QL — I3={a.— h)^{l3 — h)=A — B. 

Hence we have to hnd the eejuation whose roots are 
{,A — B) {A — C) etc. where A, B, C are roots of (1). 

Let z^{A~-B){A-C)==A^^AB- AC A- BC\ 

= A^-2:AD+2BC 


f)r 

<ir 


dz=/13- 


/1.8K ‘26 


a, 


a, 


ABa= - - 


G 


ay 


•j n 

Also 0. 


A is a root of (J). 


. , , VijhIA 'AG 

Subtracting, we get - 2 --3- 

Aq do* 


or 


A {a^z-\-^H)= - 


AG 


di 


t — 86 

Putting lliis value of A inj(l) simplifyUig, we get 

the required equation as 

(b) If x^ A-3Hx-\-G=- 0 tias Its roots (Xj y, then show that 
the roots of the equation x®+9//x* —27 (G^-}-4lP)=0 are • 
((x.-‘f3) (a-yj, (^-y) (^-a), fy-a^ 

(Delhi Hons. 49) 
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(c) If (oi, y) are the roots of find the 

equation whose roots are as in part (a) or (b). Hence show that 
the cubic x^’\-3x-\-2^0 has two imaginary roots. (Pb. 55 ) 

Proceeding as above and putting in the given 


equation, we get the required equation as 

Product of all the roots= —(a —(jS — 7 )^ (7 —a)“=216 


or 


(a-iS)2(i8-y)2 (y-a)2=-216 


t.e, — ive. 


Therefore one of the three factors in L. H. S. 
must be — ive. If (a-;6)^=-ive, then a and /5 should be 
conjugate complex. Hence two roots are imaginary. 

Ex. 9. If the roots of the equation 

4- -f... -f =rv 

be in arithmetical progression, show that they can be determined 

/• * . — a. r —flofloj'N I • 

from the expression - -f - /v / ( >- r I giving r the 

ao -fioV V (n-i-J) y ^ 

values 1, , .(n—1) when n is even and all the values 0, 2, 

4y 6.. .(n^ 1) when n is odd. 4^5 60 ) 

Case 1 . If n be odd, then 

When «=8, roots will be a-S, a, a-pS, i.e. a, a+8 


or 


. 8-1 
a, a±—o 


or 

or 


When k=: 5, roots will be a-28, a-S, a, a-f 8, a4-2S 
' a, a4 8, a±28 

a, a4 0 , a± S, 

Hence the n roots of the equation when n is odd are 
a, a4 8 , a±2S.. .a± 8. 

t 

Sum of the roots=»na= - a= - —.(1) 
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or 


or 


or 

or 

or 


Sum of the squares of the roots=/>^-2^ 

a®H-(«i5)^+(a±28)®+ • • • 



n-1 

„V 2n («-'!) 

^2 


‘ii 

V “T.i - - 

2 ! 

«0 

/?a2 + 262 



772a ,2 

2- « 

(-J)?. 

No\n 

„ j n(n + l>(2n+l) 

4m Tt ■ y-* * 

() 



Put 

n— 1 
«= - “ 

and a - - 



2 

«0 




7? — 1 n-p 1 




282 

o • 0 

() 

7i2fli2 

= - -n(7Z- 

“0 

J) — 7i 


o- 

-L)(ff+l)n ^ 

-U 

Go 

• 


12 

In+l) 


82 ] 


%«2)/ 


or 




in + l) J 


Hence the roots are a, a-lS, ai28, 


.a + 



2 / — 2 
or a + 0, a + "* yv / , a + 2. 

"^0 V “ «o 



fly / 

2.ff. - A. / where *r takes the values 0, 2,4, 

^0 \/ * 

<j..(« —1) when n is odd. 


Case 11 . If n be even, then 
when r'==4, roots will be a-3S, a~8, a+S, a-1-38 
or . ^ a±8, ai3S or aiS, a±(4—1) 8. 

Hence the roots dll the equation whenTn is even are 
a +. 8, a i 38... a + (n — 1) 8. 
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Sum of the roots=«a= —— ; .( 1 ) 






Sum of the S(iuare 3 of the roots==/>®- 2 ^ 
or («±S) 2 +(a±;-i 8 ) 2 +.. .[a:t(n- 1 ) Sf 

n {n— 1) 

= fl, ,2 “ ^ 2 !“ • 

or 2 S 2 [{124-22+HH42+.. .(n-l) 2 } 

-{2=*-1-42+0^+...-f(«-2)2}] 


= n (« -1) ^'2 " ” ~ 1) * 

Aq 


a, 


Now 


■ 2 HJ®+U“+ .. .+(n- 2 )»= 2 » riH‘ 2 =+a“+... 

<■-571 


tt -2 


Piittinp: n=nV 1 and -7^- in the formula of Sir, we get 


I (n-l).n ( 2 «-l) ,,2 
052 ( - - . 


n-^l n 

- .(K-1) 

{) 




^0 


= n (a- 11 --2 “n {n~ 1) 


a, 


Henca roots are ai-^V » a±™'\/ , .. .ai yj 

, ^0 ' "0 

where x^y,% 5...(« - ^) when n is even. 

i * ' Equation of Squared Difference, 

a, / 3 , y be the roots of the equation 
■^/V aoa*+3ai*®+3^*+a8“®> 

the equation whose roots are the squares of the 
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differences of the roots of the given equation i. e. 
(a—jS)®, (P—y)\ (y-a)^ and hence discuss the nature of 
the roots of the given equation. 

.( 1 ) 

Its roots are a, /3, y. 

Let us rc'uiove the 2nd tenr\of (1) by diminishing its 

roots by//equnl to - and the transformed equation is 

^0 






.t.C2) 


[§ 9 P. 58] 

The roots of (2) are a—A, /S-//, y — h, say A, B, C. 

(a - i8f-f(a - h) - (i8 - hyf^{A - Bf. 

Ui .’ncc the equation of squared diffcien<I!!e of (1) Is the 
saiuf as the. etiiintion of squared difference ^of (2). 

Let the equation (2") be wriy;cn as r=0.(8) 

8/-/ G 

where r/::==- -s-and r=-v roots are A. B and C and 

wc are to find the equation whose roots are 

{B-Cy and iC-A)\ 


Let z-=(A-B)^={A^-By-AAB=^-(A+B)^-4: 


ABC 

C 


Now /l + 5*f C—0 ; 


At{-B^ — C and ABC= — r. 


4r 


or C3-Cc+4f=-0. 


But C is root of (3); 


we get “C (^4-<y)-f or Cr=— . 

< I'Q 

Substituting the val6e of C in (8), we get 

A 

. 27^ 


C®-f C<74-r=0. Subtracting, 

8e 


I 


3 r 
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or U+?)H3s' 

or ‘ .(4) 

Putting tbe^ values of q and r in (4), we get the equation 
of squared difference of (2) and hence of (1) as 


3 ,18// ,21 ,r2AAj-ns n /rx 

+ ~2 ^ + 4 Z-\- 3(GH4//®)=0.(5) 

<*0 ^0 ' 

The roots of this equation are (a-j 8)^, (i8-y)^ (v - a)^. 
If we multiply the roots of (5) by ao^ t^^on the equation 

Z^+IH Hz^+HlHh+21 (G2+4//3)-0.(0) 


will have for its roots (a--/8)^ (/3—y)^, (y — o^)^* 

Also from above we obtain that the product of the 

roots is flo® (jS- y)® (y - a)^ (a - j8)^~ - (27G®+4//®).(7) 

--27 A. 


Note :—Result (4) and (7) should be committed to 
memory. 

Discriminant : The function A = <^^+4//® is called 
the discriminant of the cubic and its vanishing is the 
necessary and sufficient condition for the cubic to have 
two roots equal as will be seen in next article. 

Nature of the roots. 


Case I. G^+4H® < 0 i. e. — ive. All roots real. 

If G‘*d-4//® is ~ive, then H should be -ive and 
4/i® > G^. Now when H is -ive and G^+d//® is —ive, 
then the^ terms in (5) or (b) are alternately 4-ive and -ive 
and hence the equation (5) must have all its roots 4-ive 
[see P. 21] i. e. (Y-a)^ are all -five which is 

possible only when a, {3, y all are real quantities. 

Case II. G*4-4H® >0 i. e. 4-ivc. Two roots 
imaginary. " 

In this case product of Jail the roots i. e. 

— 97 

(a-i3)®=—3- (G®4-4//®) which is -ive. 

^0 
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:• (G24.4//3)>0. 

This is possible only if the equation has a — ive root 
say (a--/ 3 ) 2 = — ive. a-jS is pure imaginary. Hence ot, ^ 

are conjugate complex. Hence two roots are imaginary. 
Case 111 . Two roots equal. 

Under this condition product of all the roots is clearly; 
zero and hence either of thg roots (a-j8)®, (y-a)^ 

is zero i. e. two roots are equal 

Case IV. G= 0 , H= 0 . All roots equal. 

In this case the equation ( 5 ) reduces to z ^=0 i.j. aU the 
three roots (a-j8 )^, (/ 3 -y)^, — vanish and hei’ce 

a=/3=y. 

Ex. I. //a, /?, y be the roots of the equation 
aQX^~\- 3 a^x^-\- 3 a^x-{‘a^= 0 ^ 

find the condition that(^^yP, fy-aj®, be in ^i) A. P. 

{ii)G. P. (Agra 33, 44) 

Apply the condition that the roolTs A, B, C of the 
squared difference equation ( 5 )*be in A. P. or G. P. 

(i) [Ex. 8 P. 28 ] 

(ii) [Ex. 4 P. 24 ] 8 G 2 + 5 H 3 = 0 . 

Ex. 2. If OL, y be the roots of the cubic 

x ^-3 x-Sr{l-\'' 3 a-\- 3 a^+ 2 a^)=^ 0 , 

prove that —yj (y —a) — is a rational function of a. 

From § 12 , if 0 be the given equation, 

then the equation of squared difference is 

y)2 (y-Oi)^ (a-)8 )2= 

where r = l+3fl+8<J®+2a3=(l+ad-a2) 

3^nd — 8 

.*. - 27 (1 +a+aT (l+ 2 a )®+27 X 4 (l+aH-a*)^ 

=27 (l+fl+a*)® ( 4 d- 4 fl+ 4 a 2 -JL- 4 fl- 4 a 2 ) 

=81 (l+tf+fl*)*. 

/»=(a-i 8 ) 08 ~y)(y-a)=± 9 *(l+fl+a*). 
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Ex. 3. Form the equation of squared difference of 
x^-\-6x^~\-9x-{-4=0. What conclusions do you draw about the 
nature of the roots of the given equation ? (Agra 47) 

Reduce the equation to the fotm by 

diminishing its roots by —2 and then use § 13 result 4 and 
"..e get the required equation as whose 

one root is zero. (a-j8)*^=0 i.e. a=»/3. Hence the two 
roots of the given equation are equal. 



CHAPTER IV 


SYMMETRIC FUNCTIONS OF THE ROOTS 

§ I. Def. : A function of the roots of a given equa¬ 
tion is said to be symmetric if it remains unchanged when 
any two roots are interchanged. Below we shall find the 
values of some symmetric function for the cubic and the 
bicjuadratic. We shall try to express, the given symmetric 
functions of the roots in terms of i7a, UoLp, Ect^y, iJajSyS.,.. 
whose values we can find from the given equation by 
§ 1 P. 21, 

• Ex. I. Calculate the values of the following symmetric 
functions for the cubic x^‘^px^-\-qx-}-r=^0 whose roots are 
a, A y- 

(Commit to memory the results of this example) 

(i) E%% (ii) E^K (iii) i7oc3. {[w)E<x^Py. {v) Eol^^K 
(vi) EoL^p. 

EaL^P=<x^p-{-OL^y +-fi8®a+ y^a-f 

6 

No. of terms 6. 

Now i7a.ra,8=:(a-fi3-fy) (a,8-f j3y4-ya) No. of terms 9. 

=ra®/8-f 3aj9y, 

3.1 

/, Ecc^p =Z'a Eafl - 3a/?y. (Remember) 

6 3X3 3.1 

Both sides contain six terms. 

=(-/») (9) - 3( - r)=3f -pq* 

"— ' ' ■" " "■ ■' ' • ■ —— — '■ 

The dight below every ligma denotes the number of terms in that 

symmetric function. 
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(ii) 

3 

Now (i7a)“—(a-fjS+Y)®=i7a®+9Z'aj3 9 terms. 

S 2x3 

/. Ecf? - - {EcC}^ — 2{E a, 8) ==p^— 2q . (Remember) 

(3) 9 2x3 

Note. Above reliilion is true for equations of all 
degrees and will be used frequently 

(iii) i:'a®=a®-j-j8®-l-‘y®. 

3 

Now 2'a.i7a®=(a4*i8+y) (a^+jS^+y^) 

3 3 3 3 

^EoL^-^Eoi^^. 

3 8 

$ 

/. Eci?=Ecf..E(f?—Ea?^. (Remember) 

3 3x3 e 

The values of Ect? arid Ecu?^ have aheady been 
calculated in (i) and (ii). 

Ec(?=={-p) {p ^- 2g)—(Sr - pq) 

^‘Spq-p^-‘dr. 

(i v) E =a^jSy+jS^y a-j- y —a/8y. E a 

3 13 

Hence 2’a^/3y=aj9yi^a=/»)'. (Remember) 

3 13 

(v) (Pb. 55) 

Now (Z'aj8)® = (a/84-jSy*|-‘ja)^=Z'a®^^-l-22'a®j8y 9 terms. 

8 2x3 

EoL^fi^^iEa^f - 2Ea^^y . (Remember) 

8 8 2X3 

= 1 ^®—2/»f from (iv). 

(vi) Eol^^^ a®j84 a^y+^^a-fPy+y^a+y®!^* 

c 
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Now Ta® i:a^=(a2-f/8Hy^)(ai3-4-/Jy+y«) 

3 3 

B 3 


. Zoi^ — a^Gy . i^a. (Remember) 
ip^--2q)—J)r=p^q — 2q^-pr. 
vjEx. 2. //a, (j, y 6c /Ac roo/i o//Ac equation 

Sa^x^ 4- ja^x +flg=(?, 

find in terms of its coefficients the coefficients of the quadratic 
equation. (Agra 41) 

(.V - a)2 - y)2 -1- (.V - /3)2 (y - a)H - y)’’^ (a - /3)2=0 . 

The above equation when simplified takes the form 
ZioL - j8)2 -2x.Zoi{P^ yf 4-Z’a® Q3- y)2^=^0 
i: (a - i8)^=(a~ - y?-r (y -«)^= -2i:a|S etc. 

ZoL (/?~y)®=i7a (jS®4-y^ —--j8y)^ii'a^/3 — 6aj8y etc. 

(Pb. 1938 ) 

09-y)V_-i:a2 (f^-\-y--Of3y)^2ZoL^^‘^-2Za.^(3y. 

The values of all the symmetric functions have already 
been found in terms of Ta, Zol^ and ajSy. Hence the 
equation is 

{a^a^-Oi^) ^*+(«o«3~«i02) A:4-((2ifl3-fla2)=-0. 

^*• 3 . //a, /S, y Ac /Ac roo/r of the cubic x^-{-px^-{-qx~{-r=iO, 
fnd in terms of p, q,r the values^ of the following symmetric 
functions :— * 

ti) 

h ya «/? ' (Pb. 1953 ) 

(ii) (iS4- y - a)H (y 4 a- i0)»-b (a4- i8 - y? 


iili) 

(iv) 


- y ®)H (y»(<x* - W. 

^+y y+« ad-^ * 


(Pb. 1936) 
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(«) 

a®+^y /3®4-ya y®+a^ 

P+y Y+« »+P ' 


(si) 

2|8y-a* 2ya.-P‘ 2oe/3-v» 

^-by-a +y-f a-^"*"a+)3-y* 


(vii) 

a fa-f-y^-b^ f/5+y^ (y+«j fy+^}* 

* 

(viii) 



(ix) 


(Pb. 1925 ) 


(i) The given symmetric function on simplification 

reduces to etc. =—— 3 by Ex. 1. 

cupy r 

(ii) Let ^i{-y■“y-|-oc—— y=^C. 

Also J54-Cs=2a, C-\-A=2^ and A-\-Bs='2y and AA-B-}~C 
==aH-j3-}-y. We have to find the value of 

i43+5HC3=(^+B+C)3-3 (A+B) {B-i-C) {C-\-A) 
==(i:a)»- 3 (2a) {2i8) (2y)=24r-/>3. 

(iii) Let us find the equation whose roots are a®, jS®, y® 
say A, B, C and by Ex. 2 (b) P. 63), the transformed equa¬ 
tion is y-l-(3rH-/>'®“3/>5)/-f(3r*-f ^*-3/?5r)^-i-r®=0 and we 
have to^md the value of B {B — Cf. 

=2I:A^--2EBC^2 [{EAf--2SBC]-^SBC 
^QEA^-QEBC etc. 

=2/>® — 12/>*^-f 12/>®r-bl8/>®g®— — C^®. 

(4) The given symmetric function is 

E (ff®-}- y®) (a-by ) 

(^-b y) (y+a) (a+^) 
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N"=i7(i82+y=*) (a2+i^ai8)=2: (/S^+yS) (a*+9) 

= 2i;a«;S^t-2j2:a* 

_ 

whose value we have already found in Ex. 1. 

N **=— 4/>r - 2q^. 

D*'—(^+y) (y + a) (a+|3). But a+^+y—-^. (Pb. 55 ) 

(i9+y)=-^-a etc. 

iy^-{p-\-(^)ip+P){p-^y) 

=5 - [ p^-^-p^ZoL-]-pi:7.p-\-cLfiy]=r^pq. (Pb. 38 ) 

(v) The given symmetric function is 

' (a+^X^iS+yHy + ay • 

N’"—Z (a^-f-iSy) (a®+^)=2''a^-f 

2'a^==:(2a2)2-22'a2j82. 

The values of all the svrnmetric functions invoK^ed 
have been calculated in Ex. 1, etc. and D*" we have already 
found in (iv). 

N*' p*-(^p^q-\~fpr+q2 

D^"~ f -pq 

(vi) The given symmetric function is 

£ (2/3-y-a^) (yd-a~/3) (a+ Z? - y) 

4 -y--a) (y 4 -a -/3) (a-f ^ - y) 

But a 4 -/S 4 -y=-/>. 

/. N^=i: (2i8y - a®) (i!>4-2i8) (/>4-2y) 

-2 (2i8y-a2) [/,2^2/> (j84-y)4-4i8yl 
*=2/»22;ai8-]!»a2'aH4i!>.2'ai8 (a4-V) - 2/>i:a2 (fi+y) 

4-B2a2^«-‘4i:a2j8Y. 

We have already calculated the values of all the 
symmetric functions in Ex. 1. 

Also 2'ajS («4“i8)=27a®j8 and 2'a* (i84-y)=2'a*^. 
D*'=(-/>-2a) (-j6-2^) (-/»--2y) 

= *■ (/>®4- 2/>®27ji 4- 4/>i7aj8 — SajSy) 

. N*- />*-.2/-29-fl4/>r-89* 

•• D»’“" 4/>5-/>»-.8r 
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(vii) The given function is 


(viii) 


Z(x. i7a (a®4^)=i7a®-|-(jF2'a 

=2/»?-/>3-3r [Ex. 1 (iii)]. 
The given symmetric function is 
(ya-iS^) 


oL.Soi.) (SoLjS — p.UoL) {Za,8 — y.2J(x.) 

” yr {9+P^) iQ-\-py) 

raj9+/)Vy) 


'_<7® — />®r 


Ans. 




= 3- 


{(a+|8) {|8+yT(v+a)}* (y+««- 


Now {(y+/3)® (y+a)^}=(yn2'a,5)®^(y®4-?)** 

= y*+2</yH9^ 

(y+(y+a)® == 2*a,Q (y* +2qy^+q^) 

= a/8y i?a®4- 2(70Cji9yi7a+ q^UxP 

« = — r {^pq-p^ -3r)+2/>gr+5® [from Ex. 1, t'ii)] 

— - pq^ + 4- 3r®+<7®. 

Also (a+iS)® (/?-f y)® (y+a)®=(r-/>^)® 



.4_^®'-{-3»^^®^--^gr) 


[Ex. 3 (iv)] 
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HEx. 4. Express Zab and abc in terms of p, q and r where 
b^ZCj qs=Za^f r=iZa^ and hence find the equation whose roots 
are (a, b, c). 


Za^={Zdf- 2 Zab or q^p^- 2 Zab; 


Zab=^ 



or 


Za^=sZa.Zd^ — ZaH=p q—{Za.Zah — ‘Sabc) 


r^pq^p. 



'dabc 



>^pq+2r 

tj 


Hcncc the equation whose roots aie a, b, c, is 
x^-^x^.Za-i-x Zab'-abc =0 


or ()X^ — G^.x-4-3 {,p“—q) x-\-{^dpq — p^ — 2/')=0. 

Ex. 5. (a) Find the value of Z (i 0 — y'f in^terms 

of the cvtfficients of the loots of the equation 

aQX^-\-3a^x^-\- 'Ja2X-\- ‘ 

whose roots are ol, ( 3 , y. 

W’e know from § 9 P. 52 that the given equation 
reduces to the form ^®+8l/^+G=0 where If 

the roots of (2) be denoted by Zi, Z2 ftnd Z3, then Zi- 
Z2=aQ^-\-ai and z^—^o'/'F^v 


- ''^=^“7 and hence we have to calculate the 

value of 

< 

% 

^ A - 2Zzi%Z3\ 

«0 

= A [^V^ZiZ 2 ? - 2ZZ1Z2Z3] - ‘^^ZiZ 2 Zf\ 

"0 

“0 “0 

V ^^iZ^3=^ZiZ2ZzZZ\^^ 
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V Ex. 6 . If y, S be the roots of the equation 

x*-\-px^-\-qx^-\‘rx-\-s=^ 0 , 

find the values of the following symmetric functions :— 

(i) S (ii) S o? /3. (in) S oL^fiy. (iv) S {v) 27 

(vi) 27 a*. (Pb. 35) {v\i) 27 (viii) 27(a-jS)^. 

(ix) 27 (a - (Pb. 31) (x) ^ (a - J 3 f (y - Sf. (Pb. 52) 

(xi) Oy - a8) iyX'-pS) (a^- yS). 

Ans. (i) as in Ex. 1. 

(ii) 27a*^=a2(jff+y+8)+.. .-f... + .. 

4x3 

Now 27 a.27 aj8=(a-{-/8'f y-f §) y8> 

4x6 


=27 a^j3+327 ajSy. 

12 3x4 

.*.*• 27 a^j3=27 a.27 ajS —327 a^y (Remember) 
==&r^pq. 

(iii) 27 a^j8y=ot® (jSy"hi88-4‘yS)“h... “h • • • "h • • • 

4x3 

Now 27 a 27 ajSy=(a-l-^-t-y4*S)(a,0y-j-a,58-f-y8a4'y^/^ 

4x3 4X4 

=27 a®j8y+‘i*/SyS. 

12 4x1 

/. 27^a^j3y=27 a. 27 aj8y — 4ajSy8. (Remember) 

f. =/»r-45. 

^ V < f 

fx/ (iv) ‘27 a 2 i 8 *=a®i 6 HaV+a*8®+/SV-hiS23Hy^S^. 

t>' ' 

Now (27 aj8)*=(«/?-f ay + aS-f-i^y+jSS-f-yS)^ 

36 6 x6 

= 27 a®j3®-f-227a®j3y+6a)?y8 

6 2x13, 6x1 

• ^ 

/, 27 a*j8®=(27 a/3)® - 227 a®/9y - (‘o^yS. (Remember) 
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—2(/»r--45) —from (iii)= 5 ®—‘2/>r-l-25. 

(v) ^ a®j8=a® (^“|"‘yH“8)+.+.+ • • • • 

4x3 

(Remember) 

Now S a^.S aj8s=(a®+iQ*+y^+S®) 

4X« 


X (otjS “h oiy "f" 01 ^ -f- (SB -j- y 8 )=i H ot^jSy 

, 12 12 

S a?.Yt (x.p-'L a®/8y. (Remember) 

^{p^—2q) q — {pr~-4:S) from (ii) and (iii) 
= p^q — 2^® —pr-\- 4 s 
(vi) Y a«=(S a2)2 - 2S 

=(/»® —2<?)® —2 ((?*—2j&r+2j) from (i) and (iv) 

=p^ — 4 p^q + 2 (f -\- 4 pr — 4 s. 


olB 

(vii) In order to calculate S ^ w'C multiply 

S oc^.X 

a/3.X •-\ = (a/3+ay-f-a84-i9y F^S-j-yS)X 

ot 


/I , 1 , 1 ,i\ 
Vj8* V sv 


_y> I y * 


S (X/ 8 .S ).( 1 ) 

Ot 1 

Again for S -jg- we multiply S a and ^ 

s«.s L=(«+^+y+s)(±+-|.+-i+|) 


tt 


=2 ^ + 4 . 

. £-|=S«.sX-4 


• • • • • • *( 2 ) 
(Remember) 
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Now in order to find S and Z—„ w^e find the equa- 
tion whose roots are 1 4 by putting ~ 

a * p y ’ 0 ^ ® X 

in the given equation and the transformed equation is 
sx* -f rx® -f- -{-px +1 == 0. 




y .2 2(j r — 2qs 


s 


/. and hence from (1), 


TaiS 

y 


r‘^--2qs\ pr-Ai 


/r^-2qs\ 

)- 


qi'^--2q^s - pr<i-\-As- 

■ ' ■ ' .2 


(viii) i:(a-/3)^=82'a« - 

Put the values from (vi), (v), (iv) etc. 

Py/ -1 +20/7® -b 4/>r - 1 i'S =0,. 

(ix) ^(a--22:/3y=8(/>®-2^)- 2q^3p^Sq. 

• (x) r(a-|8)®(y-8)2=:(a-i3)®(y-8)®+(y-a)®(/3-S)® 

+ (^-y)®(a-S)® (Pb. 52) 
, =(a®+^"-2a/3) (y®4-8®-2yS)+ . .. -f . . . 

i= 2ra®i8® - 2Sa>py+ 12ai8y 8 
= 2 (^® - 2y>r p 2i)—2 (//r — 45)+12^ 

-- 2(7® — (j/>r+245. 

(xi) P>y actual multiplication we get the given function 
to be equal to iJa^^S^y®—iTa^/SyS 

=(ra^y)2- 2a.5y8. Sol^ ^'v.^yhZa? 
ssar®—25^5 —5 —p ®5 
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(a) If (x,y jS, y, S be the roots of the equation x*-\-px^ 

>f qx^-\-rx-\-s:=^0,find the equation whose roots are /Qy-f-ocS, ya-f 
<xp-{-yh and hence find the value of 

(a+y) (a+8} (^+y) (p+h) (y-f5). 

Let tlie roots be denoted by A, B, C. 

SAB^ifiy^(s.h) (ya+^) + .•• + .. - f- 12 terms 

2x2 

= Z'a®jiSy--j!»r —4 j. [Lx. 0. (iii)] (Pb. 1928 ) 

12 


i4/iC' —By actual multiplication as in part (xi) Ex. 6 
=2'a2/3%^4’^a*/Sy8 etc. 

= (r ® — 2^-y) s{ — ^q)=^r^ — iqs +p^s. 

Hence the equation is x^ — {ZA)x^~\-{2]AB)x —ABC^Oif*-"^ 
c I x® - ^ -f (y;r - 4 ^)x - (~ s - P 7-2)=0.(1) 

Taking the product of (a-fjS) with the factor which 
<'ontains other roots, we get 

(«+^)(y+S)=(ya+^8)4-(/3y+aS)=.^+if?. 

Thus we have to hnd the value of (.(4+J5){^+C) (C+/4). 
J-f ^==(.d+^4C-C)=^-C from (1). 

Hence w'e have to hnd the value of {q-^ A){q-B){q^C) 

== - q^ZA^^-qEAB - ABC 
^q^—q^.q~\-q{pr~^s)^{r^^4qsA‘p^s) 

—pqr — r2 - p^s. Ans* 

(b) If a., (3, y, h arc the roots of the equation x*~PA\'®-f 
•^rx-{-5=0, find the relation among the coefiicieutt wHen the roots 
arc so related that a-8, /S—8^ y — h are in Harmonlcal Progression. 
According to the given condition, 

1 _ 1_I 

fi — E a —8 y —8 13 —b* 

• g-^ (3-y 

« — 8 y — 8 



94 


Theory of Equations 


or 0 iLy-‘(xB — pyj-pS=!iOLp — Cty — pB~\’yS 

or 2ya-|-2j9S=a8-|-j8y+*i34"yS 

or in terms of the notation of part (a), 2B - A-j-C where 
/l=j5y-f-aS etc. and C are the roots of 

x^—qx^-\-{pr-‘-is)x—{p^s — 4qs-^r-) — () [by part (a)] 
Since 25=^H-C /. 'dB=^A-\-B+C=q; B^qjS. 

Hence the required condition is 

0 

or \)pqr -12qs— 27 p^s - 27 r® - 2</®=0. 

Ex. 8. If a, j8, y, 8 are the roots of u=x'^-\-qx‘^-^rx-\-s=0^ 
show that the equation whose roots are J3y+a8, ya+jSS, aj3+y8 
— qx'^—4sx-\-4qs^i“=0 and that if x^ is a root of this equa¬ 
tion, tflen 



where atui ^^ots of X^ — Xx^-\-s^0. (Agra 39) 

The first part follows by putting p—0 in the result of 
Ex. 7( a). 

tt=-f-+^‘V+-S'’== 0. 

It does not contain the term of .v® and hence sum of the 
fourjroots is zero. If sum of two is then sum of the 
other two is - b. 

u'^{x^-^bx-]~Xi) {x^ - 6X+A2) .(1) 

r , , . 

Comjfaring the coefficients of like powers of x, we get 

or A1+A2—.(2) 

b (A2■“ Ai)~ r or A2 Aj= .(3) 

AlAs=^ or AiA2=J .(4) 

'p=(A2+Ai)®-4i 


or 
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or /rnri ”'; - from (9.^ 

or (^ 1 +^ 2 )*-(AiH-A2)®'“4j (Ai+A 2 )+^y.y-r*'== 0 - 

.*• (^j+Aa) is a root of to+4|7J~r®=0. 

But the root of the equation is given to be Xi. 

• • I ^2 ■“ '^1 • • • • • • 5) 

Also AiA 2 =j. /. Aj and Ag are the roots of the equa¬ 
tion A®--A;vi 4-5=0. Also from (2), b- 


A2 Aj Aj —A2 • 

Substituting the value of b in (1), \^e get the required 
result. 

Ex, 9 . If ai, .a„ be the roots of the 

.../>„=<?, fnd tfie values of the 
following symmetric functions 


(i) 


« 1«2 


(Agra 43, 58; Delhi Hon^s 51, 54) 


a 


(ii) ^ - 2 ? ( Hi) -27 fai - aoj^aga*... a„. 


(iv) JP*'-. 

“2 

(i) i: aA 

aiag V cc2 \^i/ 

=“>(i+i+-"+y-^ 

+ ““(-a + 


(Agra 51) 
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Adding, we get 

V ^ - aie the roots of 

«! ag a„ 

.. • +A’^‘ + 1 

a 1 

(ii) h'or calciiUtiiig A" we inulli[)ly -a| .ind E ,, 

*2 

*1 V*l *2 <*n / 

=i: 1+2’ \. 

a, a/ 

k 

• J* - i7a ^ ^ 

Xa «i Xj 

=2*Tr^ W-jr n-2'. 

L\ oci/ a,aj oti 

--, ^ • • • - are the roots of the eciu.itioii 

Xj Xo a„ 

'-}-•• -\-pi X 4* t == 0. 

*• oco^ J-r 

p,f “ ■ ■ 

r 

^in) S (xj “■ X2)^X30t4. • • • x,i 

^ («! - 

— XiX20^3°^^. . . Xn #-/ 


Now we have n roots and we are taking two roots at a 
lime i. e, there will be combinations and hence in the 
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symmetric function 2 will occur "Cg times and the value of 

^ is already found in (i). 

<^1*2 


Hence 2. ” 

=(-l)”(A/>»-i-«¥»)• 

(iv) 2:(ai>+«2*+.‘..a.‘>)-a, 

0.2 CLi 

+ ~- (aiHa2^+ .. .«„**)-aa 
ot«* 


Ans» 


: i^a.®. - 2p,) 


— p: — 




Ex. 10 . (a) Prove for the equation of Ex. 8, the following 
relation :— • 

hence prove that 

(^^+l)(P^+l)(y^+l)(S^+l)=(I-q+s)‘+(p-r)» 
where a, |8j y, S are the roots of the biquadratic of Ex. 7. 

(Agra 1941) 

. . . •\-pn-lX-\-Pn 
— a^) {x <*«)• 

In the above identity put x equal to the roots of the 
equation t*+l=0 i. e. ±i. Putting i, we get 

+Pn • 

=(t-ai) (i~aa)...(i-«„) 


or 


or 


=(-lf (ai-t) (aa-i)- • 
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or i" {(1 —p^ 4-/>4 ipi ~~Pz • • •)} 

Putting x=^i and proceeding as above, we get 
(—t)” {(1—/>2+i^4* • •)+! {pi.—p%-\-p^> • •)} 

(ai + /) (a2+i).. .(a^+O* 

Multiplying both sides of the above identities, we get 
{iX-p2+p^. . Pi-P^+P^- . .)*} 

=(-ir(ai^+l)(a3Hi)...('X„'+l) 
or (1 —+A • • • )*4'(/>i —pz'\-p 5 • • • )^ 

=(aiH])(a2^+l)...(an®+l). 

For 2nd part proceed as above or ibid the equation 
whose roots are a^+], etc. b}’’ putting 

^=^^+1 or ^=VU —1) 

aridvimplifyiqg, we get the equation in v,h(/se absolute 
term is our required value. 

r 

(b) If oLf /?, y,'8 be the roots of the equation 
- 7x^-\-8x^ - 5,v-f 10=^0, 


find the value ofi (a^ -f 2j (fi^+2) (yH2j (8^+2). (Agra 1945) 

Proceed as above by any of the two methods. 

Ex. 11. The distances on a right line of two pairs of 
points from a fixed origin .on the line - are the roots a, {3 
and a', ft' of the two quadratic equation^^ 
ax^+2^x 4*^=0, 

Prove'bhat when one pair bf ^ints aie the harmonic 
conjugates of the other pair, tffen the following relation 
exists :— 


ac'-{-a'c—2bb'=i0. 

Let OP=s(x, OQ,»i8 so that 1 

2b' c O * P 


Q 


1 


R S 
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or 


Agfiir if OR=a.\ ;then 

... .( 2 ). 

a a 

Since P, Q, are the harmonic conjugates of R and S, then 

[by definition] 

_i_, r 

a' —a jS'-a /3—a 


or 

or 

or 

or 

or 


(a'+^'-?a) {^-a)=2 a {a'+i3') + a2} . 

(/3-a)-2a/3+2V=2a'^'-‘:a (a'+iS0+‘2a2 
(i8-a4-2a)=2a/?+2a'/5' 

(a'+/?') («-f-/3)=2(a/?+a'/8'^ 






2bb'=ac'-{-a*c, ^ Hence proved 

^ 2. Newton’s theorem ^n the sum of the powers 
of the roots of an equation. (Fb. 31, 36, 38, 42, 48) 

The sums of similar powers of the roots of an 
equation can be expressed rationally in terms of the 
coefficients. (Agra 34, 35, 40, 41, 48,49, 53, 57) 


Let «!, ag, as.. .a^ be the foots of the equation 

/(x)==floa«+fli.v»»-i+flg^"-a+... x+fl„=0 .. 

f ■" “* *^ 2 ^ ('^ *^3|* • • On)* 

Taking log of botlyfeides and differentiating, we get 


/x-^j AC-aa 


X —a 


n 


L. H. S. of (^) is 


.( 1 ) 

.( 2 ) 


w<3oV"~H(« -1) - 2) .. • +«n-i 

In order to i'lnd out the K. H. S, wS divide f{x) "ijy 
(x — oLi), {x-~(x. 2 ), (Af—ag).. .(jf—a„) and add.. We shall use 
here the process of synthetic division [§ 2*6 P. 6] and the 
remainders will be /(«i),/(« 2 )* • •/(«») each of which will 
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be zero since «i, a 2 * • are the roots of/(^)=0. 

*0 ^1 ^2 <*n-l 

flo«l __ 

• • • H-«fi-i fM=0 

Hence the result of division of /(x) by (a; — a^) gives the 
quotient » 

Similarly if we divide f(x) by tA:-« 2 ).. .(x-a„), we get 
(aoag+fli) ^”~H(aoa2*+flia2+fl2) ^”"®+.. • 

• •• tat ata aaa at* 


flo^”-^-f(ao^*^n+«i) ^”~®+(ao°^»®+aia„+a2) ^”~®+ •. ■ 

Adding all these quotients and denoting 2^<Xi, 

,.. .i7ai” by ^ 2 * ■^ 3 * • we get the R. H. S. of (2) as 

2“1” • • l)' 

Equating the coefficients of like powers of x in (3) and 
(4), we get 


Vi+n<ii=(?i-l)«i 2aii±?l.=;.9. - :.(5) 

V2+fi^a+«aa“(»-2)aj /. a5Sj+,aiJi,i2a,=0... .(6) 

• • ^1*^2 •*• ttt ta *(7) 

■>* 'k' - • . 

I ^I’^n—2 I ®2^n~a "T • • • T* 1 ~ 1 

.. . ^ 

* • 2‘4'^2'^fl—S‘4” • • • “bfW” . • 1 ( 8 ) 

From (6) we can find the value of Si and substituting 
in the value ^nf we can find the value of Sg. Again 
puwbg the values of Sj and Sg in (7), we can find the 
valae of Sg and continuing like this we can find the 
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value of In this way we can find the value of 

^1, i'a.... i.e. of Sf where r is an integer less than «. 

In case we are to find the value of where r is an. 
integer greater than », then we multiply J{x) by and 

we obtain 

Putting A:~a2, ag.. .a„ in a'bove and adding, we get 

. . - . 4-fln-l-^r-n+lH"<*«-^r-n=d. v<^ 

Now putting /• = «, «H-J, tt-f 2..we get 

• • • 4- 0=' * 

I3ut j'q= 14”l4“ 14“ 14“ • • • • ~w. 

• • ^0‘^n4“^l-^n—l4“^2’^n~2 4“ • • • • 4"*^n—• • « • • ‘(y) 

®0'^n+l4" ^l'^«4~ ^2'^n—14" • • • ■ 1-^24'^n'^l^^ll • • *(1^)^ 

<*0'^n+24“^iy7»+l4“^a^ji+ «n-l-*'84*fl|i-ya—0 * 

Prom the last relations we can hnd the values of s^, s ^.. 
Sn -I and putting in (9) we can gel and then from (10), 
we can get j„+i and so on. 

Again if we are to find the values of 27a“^, £or^, Sor^ 
i. e. of J_2, J-3 ...., then we should find s^, S 2 , s^.... 
of the equation in which a; has been replaced by 1/x. 

Note. Commit to memory results 5, 0, 7, 8, 9, 10, 11, 
and it may be noted that in all these relations the sum of 
the suffixes of a and s in each term is the tame. 

Ex. 1. rind the value oj Zot? for the equation 

x«4-A*‘""H/>2^f”'®4- ... 4-p«-i^4-/»« = ^- (Agra 35) 
We have to find the value of s^. ; 

flo^i4-«i=0 h=^-Pi 

ao^a4- <21^14- 2^2—0 f a - ‘2p2 

4" ^1'^24" 4" 3^3=^ 0 

or -y84-A (Pi*-2/>a)4-/»2(-/'i)4-5^3=0. , 

.» '*‘a=®3pipa“Pi® 3p3. 

Ex. a. a, ft y are the roots of the equation x^-i-px-^q^ssO, 
show that ZoC* = — qZoL'*~^ — p£ a”“*. (Agra 38) 

•f- 1^ 1! *•*' o 
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Multiply the given equation by and then put- 

^f=a, P, y and add, etc. 

Ex. 3. If a, jS, y be the roots of the 0'quation 
find the value of Sq. (Agra 38, 43, 47, 58) 

= -3 (3f-f Cube both sides 

[x^+9x^-hjnx+21] .(1) 

Putting —a, j8, y and adding^Hve get 

^9= — 27[j3-f-9i3+27ji4-27jo|, S0=ld-l-bl=3. 

^2 and ^3 are easily calculated to be 0 , — (), and — 27 . 
Substituting tlie value of ^2 ^nd and Sg in above, \vc 
get ^9=0. 

Ex. 4. (a) If a, y be the roots of the equation 

x^-^px^-\-qx-\-t’—0, 

find^f^c-Lvalue of 

(Agra 34, 40, 52) 

Let us find thS equation^whose roots are a 7 , / 5 y and yot. 



y—— . Put in the given equation and the trans- 

formed equation is ^ — qz^-\-prz —we shall find ^3 for 
this equation, s^=q, s^-frf^—^pr), 

•Now fl0-^3+«l-y2 +02-^1 +3<Z3 = 0, 

or ^ 3 -g 2/>f)4-/r.g-3r*—0. 

i 

(b) Find the value of s^for the above cubic. (Pb. 49) 

pi^ 4 piq^ 4 pr-\. 2 q^. ,, Ans. 

Ex. 5. (a) If a, /?, y be the wots of the equation 
x^^ 2 x-\- 6 — 0 , provejthat s^=^ 2 (si ^- y (Agra 46, 49) 

Clearly ii== 0 . ^2= ^nd puttii|| A:=a, /?, y and adding, 
we get J3+2Ji + f>4— 
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Again A:^=-2(A:-f S).(1) 

Squaring, we get (x-q-ti'jv+O).(*2) 

Fulling x^a., /8, y and, adding, s^^ 4 . (•s'2+O^i-f 9 jo)=y 2 . j . 

. Multiplying both sides of (1) by'x ahcrputting y 

and adding, ^7=4 (J3+6 j2+9ji)= - ib>5. 

Multiplying both skies of (J) by x and putting x=a, jS, 
y and adding, 

^4= — 2 (i'a-f dq)^S. 

Now 2 (>^4 —^fi)='2 (8 —92j=— it,8—j'7. Hence proved. 

(b) Prove that for the cubic x^-\-qx -\-\::=0 

and find the value of (Pb. 38) 


Also show that i>u a\ 

a .. 'd (Agra 45, Pb. 38\ 

^_4 for the cubic r—0 is for thecubic 

8+-?+>-o 


i.e. for r;v®-f-^x’^+lV=,0 etc. 

Find i’l, S2, as usual and for ^4 multiply by x and 
putting x=a., y and addji g, we get, 

.. ^4-^ - • 


(c) If (x-j-l^A-y^O, show that 

a®+^5+y®= -5a^y (a/3+^yH-yaj. 

Since a+jS+y=sO, 

we can say that a, ( 3 , y are the I'oots of a: 3+/x-j-rs^O 
/. 2i'a=0j SoLp^q, a,3y= — r 

and we have to prove that 

S^=i^r.q, and S^=t-^ 7 rq etc. as in part (a). 

Ex. €• Find the value of i_2 and jg for the biquadratic 


19x^-\-49x^30^0. 


1261 

900* 


-284.9. 


(Pb. 36) 


Ans. 
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Ex. 7 . (a) Calculate the value of for the equation 
x^ — 5px— l=s0. 

x^^5px-\-l\ 

:v4=(5/)+o. 

Square and put x=ix.i, ol^, a4, aj and add. 

Jg=25/?®. ^0+^ 0/>j_j+J_2 etc. 

5o being equal to 5. Ans. 100/>® 

(b) Find the sum of the sixteenth powers of the roots of the 
equation ,x^-\-ax-\‘b—0. 

Ans. 8b\ 

(c) Show that sum of the twentieth powers of the roots of 
the equation x*-\-px-{-q=0 is 50p*q^ -~4q^. 

x*= - (px+q); - (px+q)^ 

= — (p’^x^’\-5p‘^qx*-\~ 10p^q^x^-\- lOf^q^x^-f-Spq^x-^q^). 
Putting Af=9ti, ag, ag, ol^ and adding, we get 

•^ 20 = “ (P%+^P^9l4. + lOp^ghs-}-lOp^q% + bpq*Si + 1 q^) 

etc. 

Ex. 8 . (a) //a4-j8d-y=6, a®+/3®4-'y®=i4, 

OL^ 36f prove that (Agra 60 ) 

Let the equation whose roots are a, |8, y be 

x^-\-px^-]-qx-\-r^Q. 

-/»=a+iS+y=6, /, /»=~6. 

Also '>‘1=0, J2=14, ^3=36. 

Again ao’^2+<*i^i+2fl2=0 

or 144-(-b)6+2(7=:0, /. 5=11. 

3^3 = 0 

or 364-(-6)14-M1.6+3r=:0, /. rr=-6 

^0^4 4* ^2^2 “b =0 

.or 36+11.14+(-6) 6=0, A ^4=98. 

I 

W If J 2 =^» ^8=7, show that s^ss9, 

t t 

W 7/ X, y, z are three numbers such that 

x«+/+.5»s=5, 
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form the equation whose roots are x, y, z and hence or otherwise find 
the value of 5®)* 

Ex. 9. (a) Express Eccp and ajSy in terms of a, b and c 

where <2=a+^+y^ c=a® 4 -/ 3 ®+y®. 

If the equation whose roots are a, jS, y be taken to be 
x^-^px^-^qx-{-r=0, then you have to iind the value of 
i. e q and a^y i. e. —r. * ■ 

(b) If a-fi 3 +y+S=^^ that 

a'^+jS^+y^+Ss _a24.^2-f.y2+82 aHjSHyHS^ 

■'5 " ~ 2 ' * b” • \ 

Since a-f i^+y+S— 0 , let the equation be 

x^ + qx^ +, 4 * a:+ f—0. 

Now hnd ^5, ^2 ^3 

^c) Show that sum of the products of the first n integers tffjii' 
three at a time is {n-\-l)^ (n— 2)148. 

The Cfjnation whose roots are the first.n integers is 

/(.v)==(a: - 1) (x - 2) (x - :i).(X - n) (say) 

= ... =0 
and we have to find the symmetric function of the type 
Ta.^y — -/>3 where a, /3, y... means 1, 2, 3. . .respectively. 
Now in usual notation, 

ii=i+‘2+3+4... +«=" , 

ia=l*+2»+3»+4‘‘+ ■. 

i3=lH2’+3»+4»4-• 

^ n (k-I-1 ) - 

Now -®o==l* 






106 


Theory of Equations 


or 


or 

or 

or 


•^3 a 1 4" i^/^3 — 0 

(«+!)’* _ w (n+1) n (n+1) (‘iw+l) i « (« 4 -f) 
4' 2 6 "^ 4 

X «J!LhiH 2 «+l) 

Combining 1st, 3rd and 2nd, 4th terms, 

(n+l)2 C. n (n-f 1)? w® (nH-l)^ (‘2n4-l) 

4 i 4 j ' 12 


n^ {n-\-Vf C4 —w^ —n_(2n4-l) 

~ 4 ■' { ■ 4' IT'- 

I~l 4 


x(l + i)4-3/>3=0 
2 I 4-?/>3=0 
I 4*3/»3=0. 


/>3- -4g- 


(n2-3w+2) 


or 



(n + l (n — 1) (w — 2) 
48 


yj Ex. lo. For the equation 

. . . +/»„ = <?, 

find the value of E (x—^y where r is an even number in terms of 

Sq, >^1, ^2* • • (Agfa 5®) 

If Cl, C2, C3 stand for binomial coefficients in the expan* 
sion of then 

(ot-x)^=a’'~Cia^~^.x4-t2a^“^.x^... -Cia«^“^-|*x*'. 

I 

Putting x=a, y...k and adding, we get 
(a - df^ioL - jSr + (a - yr+... + (« - ky 


- CiX^~^.Si+C20i^‘~^.S 2 - . . . ~Cia.5y_i4-J,. .. ,(1) 

V a’'-fa*’d-... n times=na*’=^oa*’. 




Similarly 'v^rite down the expansion of and 

proceeding as above, we get 

03 - ar-f (jS - iSr+(iS - yr +... H- (iS - ky 

s= sj>^ - 4- f ijP^r-14- ■Jf.(2) 
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and so on we shall write n results corresponding to the n 
roots, and adding, we get 

2S — >^0“h ^2‘^r—2'^2 *“ • • • 

■ ^ (•^O'^r ““—r^l“i”^2'^r—2'^2 • • •)• 

• • ^ PY ““ ^l‘'r-l‘^l~l“^2^r • 2'^2 • • • 

Note :—since r is even (a-jS)*'—(^ — a)’’ and hence while 

adding each term occurs twice, and hence we have wi itten 
22 


^ Ex. II. If OL^ P, y . - .are the roots of the equation 




X 


n—1 


vn—2 


+ 


1 2! 


+ • • 


n I 


show that 27a’’=0 for r=r=2, 3, 4,. .n. 


(Agra 48) 


Here w'e shall show that Zol^Q and 2y/ for values of r 
greater than n also does not vanish. • 

“h — 1. j 

^©‘^2"h^1*^1“!“^^2“^ ^r ^2—— 1+2 . .j~^=0. 


^2=0. 

Similarly S^~S^=Sy~ .. .A’„=0, 

Again ^o'^n+i~l"^i‘^n~h^^2‘^*i'“i*4“ 

or *^n+i+0+0+0+• • • H— 

■ s _i 

Similarly .. do not vanish. 

% 

Ex. ia« The swti of rth powers of the >oots of the equation 

•• • -\-pn=^ denoted by j,. and ‘S',„=ii+i-2+ 

•••+%• Ptovjrihat if Syjy have a finite limit when m-^Xythat 
^ \ 

limit is 


f-f*f A-f A+ • ■ • +Pn) * (Agra) 

•^i+A=0 

’^2+'fiA+2/>*=»0 
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■^3+-^2 "h-f 1/>2 "h —0 

-yn + '^n-lPl+'^n-a/^aH" • • • +W/>n=0 
•^«+l4'JnA'l''^n-1^2+ • • 

‘^m“t">^m—2j^2“l" • • • n/^n“0. 

Adding all these and putting Ji+^ 2 +.. we get 

“l“2/>2 + *^/>3“h • • • 4'^/'n) = 0. 
Now let the limit of S„, as m-^cc be A and hence limit 
of etc. will also be A. 

/. A (14*Ad~/’2"i~ • •' +/'n)+(/>i+2/>24'^p34‘ • • • ■b^^/>n)=0. 
A is etc. etc. 

A 

Ex. 13 . If ct, p, y.. ,be the roots of the equation f (x) = 0 
proie that where .9,„ is the sum of the mth 

J 1 '/i 

powers of the roots. ' ^ (Nagpur 57 ) 

/ (x)=(.v - a) fv - /3^ (x - y)...« factors. 

Taking log of both sides, 

log/(^)=log (X-a)-flog (.v-^ flog (x-y)4-... 

Differentiating w. r. t. at, we get 

HT-'a +i^i8+-iA;"^. 

*L= 7 ' 0"0 a 0 +^+I‘+^»+- ) 

f {x) x' ;c* 

+ — +^4- 1 +^ 4 + • • • "b^or n roots 

—” “ +;5+^»+jr4+* ■ • 


• • 
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Now ^0=1-f . 


■n. 


fix) 




Proved 


§ 3* Prove that every rational symmetric function 
of the roota of an algebraic equation can he expressed 
ration^y in terms of the coefficients. (Agra) 

If the given symmetric function be fractional then it 
can be reduced to a fraction, whose numerator *and 
denominator both are integral symmetric functions. Every 
integral function of the roots of the equation will contain 
terms of the type K(x.^f3^y ^,. .where py r may be equal or 
some of them equal or all equal and the function can be 
written ,. We already know by § 2 that Uol*' can 

be expressed in terms of the coefficient^. Here we shall 
prove that symmetric functions t)f the type KZcL^^y ^,. .can 
also be expressed in terms of the coefficients. 


We shall first express 
Let 

and • • • 

or 

. • Zcf.^ ••• •••(!) 

(Remember) 

The value of Sp and Sq and can be found ill terms of 
the coefficients by § 2. 

Note. In case the exponents p and q become equal, 
then terms of the type and become equal. 

or - S,.l •.(2) 

Z * 


(Remember) 
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Now we shall express UoL^.^.y^. 

and -ff=«’’+iS^+ . 

Multiplying the two, we get 

{UoL^ . jS«) = 20.^+'^^ + 2 ’a^+*'/ 3 *'+. / 3 «. 7 ^ 

Now use result (1) for the double function 

(jp ,Sq Jj> f r • "^< 7 J> ra+r] 

“h “ ‘^j)+(r+r] “h • 7^' 

' /. SK^.^^.y^=Sj,.Sg.Sf~}-2s^^+r 

— , Sf.-“ Sq^ftSp “ ■Sf+p • (Remeinljer) 

The value of Sp etc. can be calculated as in § 2 in tenns 
of the coefficients. Hence the theorem is proved. 

f 

In case/;=^ = r, then the 3 ! terms obtained by inter¬ 
changing the powers />, q, r in ct.'^jS^y’' become equal and 

tf 

hence # 

[j%-f2^3,- dSp..''2 pI 

Putting />=3, </=2, r=l, we get 
UoL^fi^y= ^2-^3+ 2^8 — - S2S4 — (Delhi Hon’s 52) 

Note. In case m exponents become equal, then we 
should divide the corresponding value by m !. 

*• If OLi, 22 ,?. .^n of the equation 

. . +Pn-lX’^Pn^0, 

find the vafues of the following symmetric functions ;— 

{i) Tai^.aa^ (ii) 

(Hi) Z’a^^ag.ag, (iv) 2*21^. 22**3* 

Find the values of the above symmetric functions in 
tffrms of Sf. whose value can be found in terms of the 
coefficients. < « 

(i) />2*“2/>i^3-t'2^4, (ii) Pl^p2“'^p2^~“Plp3'i~4p4, 

(Hi) A-/^3-4/>4, (iv) “/>2/>3+3Pj/>4 - 5/>6. Ans. 
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Above procedure will involve very lengthy simplifica¬ 
tions and calculation. The students may however try to 
calculate the symmetric functions by directly multiplying 
two symmetric functions wliose value we know directly in 
terms of coefficients i.e. for (iii), wc see that 

. Z'aia 2 a 3 == 2 i'ai®a 2 a 3 -f 4 aia 2 aa 0^4 etc. 

Ex. 2 . If a, y are the roots of \^-\-px^-\-qx-\-r=^0y find 
the value oj (Pb. 58) 

Putting and 5 = 2 in 1, we get 

— — etc. 



CHAPTER V 


SOLUTION OF CUBIC AND BIQjUADRATIC 

EQjUATIONS 


\ Explaiii Cardon’s method of solving the cubic 

ll^Bation. (Pb. 32, 34, 36, 38, 40, 44, 49, 53, 56 ; 

/ / Delhi Hon’s 52 ; Agra 53) 

Solve the equation 15x^~-33x-\-847=0, 

(Pb. 52 ; Agra 53) 

Let the cubic equation be 

0 ... ... ( 1 ) 

• The above equation can be reduced to the form 

z^~\-'3Hz~{-G=0 ... ... ... (‘ 2 ) 

where z^a^x-^-a^. 9, P. 52] 

Now let us assume that z=^u-]rv ; cubing both sides, 

^3=srt3-}-y3q-8My(M-4- 

or —(w®4-^*ll=0 ... ... ... (H) 


Comparing (2) and (3), we get 

wy== —//... 

and -G. 



—//® and hence m® and y® are the root of the 
quadratic^ ^®+G^ —//®—0 (5) 

, -G4-V(G®+4^/") j 5 -G-V(G®+4//®) 

a®=-^- and - . 


Now from above we shall obtain three values of u and 

1 9* 

three of y ; our root being u-^-v will have therefore nine 
possible values because each of the three values of u is to 
be added to any of the three values of v. But there is a limi- 



Solution of Cubic and Biquadratic 


113 


tation imposed by 
or 


the relation (4), constant 

-H 

v= — . 

u 


Hence the value of u ind v to be combined should be 
such as to satisfy -//. Nowif we extract cube root 
of ti^, we get u, ucu, iiw^ and that of o® gives v, vea, ra>®. 

Hence the three roots of the equation are 

uw-^vui^^ uoy^-\-vw 


W'here 



1 ± 

0 


«) 

»1 




2 


Having found ^ we can find the value of x by the 
relation ^=<Zo''^ + «i, 

Note — The abo\e method will not bp able to give 
the solution of all cables witlj numerical coefficients. 
Only when > 0 or =0 when the cubic has 

two imaginary or two equal roots [P. 77] then the values 
of ti^ and y® from 7’ quadratic will be real and hence u and 
V can bo determined but in case G®4-4/-/* < 0, ue. all the 
roots of the cubic be real fP. 77] then the roots of 7’ quad- 
latic i.e, w® and y® are both imaginary and hence « and y 
will be cube roots of imaginary quantities which has no 
arithmetical meaning. Hence Garden’s rrtethod will fail to 
give the solution of a cubic all of whose roots aje real. 
This is called irreducible case of Carden’s solution 
We shall discuss it by taking numerical examples in 
which we shall use either trial method or trigonometrical 
method without the help of which Garden’s method will 
not give'the solution. Hence we can solve the given cubic* 
by Garden’s method whefl two of its roots are ‘either equal 
or two imaginary. 

Ez. Solve .X*—i5x*—35x-1-547=0. 
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Diminish the roots by 5 in order to reduce the equa¬ 
tion to standard form and the transformed equation is 

^ 3 _ 108 ^^ 432 = 0 . 

Let z^u-\-v\ »*)—0 

or tt&=36 and M®-fo®=-432. 

and y® are the roots of /®-f-432^-l-8()®=0 
or if2-f2*21G./-f(6®)2-0 or (/®+G®)®=0. 

^= —G®, — 0® i.e. Ms=-G, y= — G. 

M+z;= —12 is a root of the c-ciibic which when 
divided by <:4*12 gives the quadratic 

. C®-m+BG=0; (^-6)®=0. 

roots of z cubic are 6, 6, —12 and hence of x cubic 
are 11,11, - 7 * (two roots equal). 

f 

§ 2. Discuss the nature of the roots of the cubic. 

Nature of the roots of the culjic. 


Discriminant. As already dehned at P. 80 § 18, the 
expression G®+4/i® is called the discriminant of the cubic 
and its vanishing is the necessary and sufficient condition 
f or the cubic to have two roots equal as will be clear from 
what follows. 

Th^ nature of the roots of the given cubic is not 

changed by the linear transformation, z—a^x-^a^ and 

hence we shall discuss the nature of the roots of the 

equation ^®+rH^ 4 -Gs=s 0 whose roots we have found to be 

m 4 Pi Mw-f&w®, «<o®4 say Zi- Zi, Zz* 

* 


or 

and 


nlr IT + -l-V(-B) 

«.-^- \-p, - ^ - 


u. 


2 * • 2 


2 


2 



Solution of Cubic and Biquadratic 


115 


-!• 1 

or *2 .(1) 

where m® and are the roots of 0. 

Case I. G®-}- 4 H®=o. In this case U.e roots of / quad¬ 
ratic are equal and hence m and t' are equal, 

/. M —i»--0 and from (1) we obtain that two of the 
I cots of ^ cubic'are equal, each being(w-fy) and conse- 

qiiently two roots of x cubic are equal. 

Converse. Two roots of x cubic and hence of z cubic 
are equal; then G®4-4-f^^=0. 

Suppose Zi=Z 2 , u-^v—ua>-\-voj^ or m (l-o>)= — o (l-w®) 
or M=:-i» (l+<w) or u=v<o^ •/ J-ha'—— to®. 

u^=v^a)^ or M®=u® i.€. the roots of t quadratic are 
equal and hence G^+4I-P=0. * 

Case 2. G=o, H=^o. In this case the z cubic and 
hence the x cubic has evidently three equal roots. 

Converse. Three roots of x cubic and hence of z cubic 
are equal; then C==0, //=0. 

If then we have {.roved «=r£o®. 

If Zz=^z^y then similarly u=v, 

0 

tt=Mtu>® or m(1 —w*)=0 i.e. m=0 and hence w=0. 

M® and 0® are also zero i.e. the roots of t quadratic 
are both zero and therefore G=0, //=0. 

Cases. G®+ 4 H«>o. In this case the roots of the 
quadratic are real i.e. and P are leal and herce one of 
the values ot u and v is real i.e. u-f y is real or Zi is reat 
and the other two are ilknaginary. 
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Converse—The given cubic and hence z cubic has one 
root real and two imaginary; then 4//® > 0. 

In case two roots are to be imaginary, then from (1), we 
conclude that w-fi'—real and w-y is real. 

/, both u and v and hence a®, y® the roots of / quad¬ 
ratic are real. 

GH4/1® > 0. 

Case 4. GH 4 H® <0. In this case the roots of t quad¬ 
ratic are imaginary conjugate, i.e. m® and y® and hence 
befth u and v arc conjugate complex i.e. if u=a-\-ib, then 
v=a-ib. 

u — v=2ib and u-\-v='la. 

Substituting these values in (1), we lind that the roots 
of z cubic and hence of x cubic are all real. 

Converse—^The given cubic has all roots real : then 

< 0 . 

In case all the roots of x cubic and hence of z cubic are 
to be real then from (1), M-|-y--=real and m— y —pure 
imaginary i.e. u and v are conjugate complex. 

/. M®, y® the roots of i quadratic are also con jugate 

complex. 




/, < 0. 


Ex. 

I. (a) 

V 

Solve the following cubics :— 



•t 

x^- 12x^ — 6x—10—0, 

(Pb. 3a) 


4-f y), 4-f ('ww-fyoi®), ycuj, 


where 



Ans. 

(b) 


(Pb. 34) 



If — i. 

Aw. 
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(c) jcs- 15x^^357x+5491^0. {Pb. 38 ) 

I cubic is 2®-482^+d456=0 and t quadratic is 

/2+3456/+144»==0 or (/+128)®=0, 

-19,17, 17. Ans. 

(d) 28x^^9x^+l=:^0. (Pb. 40 , 46 ) 


Put *= 1 etc. - L , 

Z 4 7 

I 

After finding one root of z cubic and hence of x cubic 
divide it by the corresponding fnctor and find the remaining 
two roots from the quadratic. 

(e) x^-{-x'^^ 16 x-\- 20 =^ 0 , (Pb. 49) 

2, 2, — 5 (2 is easily seen to be a root, etc.) Ans. 

(f) x^+72x^ 1720^0. 

10, -5±i7V8. , Ans. 

(g) (^b. 41 Supp.) 

I 

Multiply the roots by 2 and the transformed equation 
isy+8j/2-f 4=0. Now diminish the roots by -1 etc. 

- a (-1 ±*V8). Ans. 

(h) i98x - 73==0. 


rtflQ/z+fli==0 gives /i—— Diminish the root by —f 
and the transformed equation is ^®+54.^ —189=0. 

1 -7+19 Vd 

'3 ’ ■ 6 • Ans. 

(i) x^^21x^344^0. (Pb. 56 ) 

^ quadratic is - 344/-j-3^13=0. 

8 , (— 4 + i3 V 3). Ans. 

Cubic having all roots real. 

Ex. 2. Prove that the roots of the equation x^^3x-{-2^0 
2tt ,, 8rr„ Mtt 
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Let ;e=tt+y. /. —0. 

«o=sl and m®+z;®j3s —1 and hence a® and are the 

roots of 

<*+^+1=0 or ;=— 

1 \/3 

Let u®= - Tf+i ^ = ^ (cos 9-\-i sin 9). 

A A 

r=l and tan - V^> ^= 120 =-^ 

tt®==cos {2mr~^6)-\-i sin {^mr-^-O). 

«=[cos(2r«r+^") + i slni^lnn + ^^)Y 

2ir (3«H-1) , . . 27r (on-j-l) 

=cos —“q-~ +» sin —- g - 

' (De Moivre’s Theorem). 

The three values of u are obtained by putting n=Q, 1, ‘2. 

, 27r . 27r 

M=cos sin y , » 

Stt . Sir 14iir , . . liir 

cos y -l-i sin y and cos * sin -y . 


or 


4 

• • 


V—- 


u 


V uv^ l 


and 


——“o=(cos 04** sin ^)~^=cos 9^i sin 9. 
cos suit' ' 


• • 


2it , . 2?r 
i>=cos g— * sin y , 

^ 8ir . . Bfl- 14ir . . 14ir 

cos ^ -1 sin -g-, cos — -1 sm ~. 

y y y y 

Hence the roots are «+*', where the values of u and v 

are to be chosen so as to satisfy uv^l. Hence the roots are 

2-^ ‘ ^ ^ 

2 cos y~, 2 cos 2 cos . 
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(b) Solve the cubic **—5*+4 =0. 

2^2 cos 2 V2 cos 2^2 cos 

i.e. V3-1, -2, -V3+1- 

(c) Mfl/ the roots of the cubic 

x^ — 3a^x — 2a^ cos 3A=0 
arc 2a cos A, 2a cos (120° ± A). 

Let jc=Md-o. ■ o®)=0. 

/. uv=a^, and 2fl® cos d-d. 

Hence m®, y® are the roots of t^ — ‘la'^ cos 3d4-a*-=0. 

, , _2fl® cos d-d + V{4a® cos® 3d - 4a*) 

•• ^-0; ■ * 

=a® I cos dd + i sin dd] 

=a® [cos (2n7r-f-3d)+t*sin (‘inTr-j-Sd)]. 

» 

Taking cubs root the values of u and v are found out to 

r (‘iwTr + S 

a I cos >-- 

«=0, 1, 2 (by Do Moivre’s Theorem). 
u=a (cos d+i sin d) 

=a[cos(|^+-l)4-isin (|+^)} 


l)e 

where 


'‘iarr + 3 d) t si l 

3 


i 


=a j^cos +d^+i sin 

y=a (cos A — i sin d) 
=«[cos(|+-l)-isin(^+-l)] 

=r.a j^cos ^^ i sin 

« 

Hence the roots are the values of a+y, i.e,, 
2fl cos d, 2a cos 2a cos 


and 
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or 

or 

or 


2a cos A, 2a cos (120-f^), 2a cos 

2a cos i4, 2a cos (120+ ^4^, 2a cos (I20~i4) 

2a cos 2a cos (120+^). 

(d) Find the roots of the cubic 

8a^x^ — 6ax-\-2 un 8A=s=0. 

Proceeding as in pa it (c), and y® are the roots of 

10a®/ sin <0^4-f 1—0. 

[•“ sin 3A + i cos P/l]. 

f=M l^uos ^2n7r 4-^-P8i4^d-i sin ^2K7r-)- ^ 

+ — l^cds ^2nn-\-^-\-‘3A^-i sin ^2«7r+-^4-3^^J ^ , 

where w=0, I, 2 

(!■+^)’ i (’r+^)’ T (ir+"!) 

= ^ cos (30-1-^), -- cos (150+^), - - - sin 4 


or 


or 


^ cos {<J0-(30+4)}, -i cos {90+()0+4), - i sin ^ 


sin (00—il), —— sin (00+^4), — ^ sin A. 

£z* 3 . (a) x^ —7x^-6—0. 

Proceeding as usual, / quadratic is 

27/®+162/+343=0. 

• • — 27 
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Always make the denominator of the \alues of a 
perfect cube. If it is not so, then multiply above and 
below. Here it is a perfect cube. 

Now in order to find u and y, we must know tlie cube 
root of BlibOVC-'"!) which suppose is 

Bi +b0 V( - 3)= {a+ 

a (fl^-9^®)=Bl and b (a®—6®)=10. 


rt should be a factor of Bl andthat of 10. 
trial we find iliat a= -;l and 


... 


or M=: 




-d 


By 

and 


liLMice 


y = 


-3~‘2V( 

-a 



Adding, we get M-f 


^—‘2 is a root and dividing the cubic by .v—2, we 
get ihe quadratic (jc®+‘-ii^-d)=0 and other, roots arc —3, 1. 

j 

(b) Solve part (a) and (b) by dhe trial mtthod. 

(c) x^-\-3x-14=0. 

Proceeding as above, 

M®, y®=7±5V2. 

Let 7-l-5V2=(a+^V2)® 

=(a3+CA®a)+V2 (26®-f3a®i»); 
a (a*+d^*)=7 and b (2^®+3fl®)=5. 

From above we find that a should be a factor of 7 and 
b that of 5. By trial we observe that a=l, ^*=1. 

/, w®—(1 + V2)® or tt—1-f V2 and hence y—l - V2. 

is a root, and dividing the given cubic 
by (flf-2), we get the quadratic ^c*4-2jf+7=0. 

/. X—-l±iV6. , 

Note—Even thopgh the equation is not having all the 
roots real but still we had to apply trial method. 
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(d) x^^3x^--10x+24^0. 

2, — 3, 4. Ans. 

(e) x^~‘26x‘^60=0. 

“B, 3 +i. Ans, 

Use trial as in part {c\ or otherwise - 0 seems to be a 

root. 

§ 3. Expressing the cubic as sum or difference of 
two cubes. 

yShow ■ that if p and q (p^q) be the roots of 
X = ^be cubic equation 

b^ reduced to the form 

A (x^pP-\-B (x-q)^. (Agra 39, 50, 60; Delhi Hon’s 48) 

(^—/>)®+^ {x^q)^ .. .( 1 ) 

Comparing the coefficients of like powers of x, we get 

A “]■* B Aq ... ... (2) 

-{Ap-{-Bq)—ai .(8) 

{Ap'’^A~^0^)—t^2 .(4) 

^{Ap^-{-Bq^)=a3 .(5) 

Now multiply (2\ (3) and (t) by p and adding respec¬ 
tively to (3), (4) and (5), we get 

B . ^p ““ q)—aQp “ 1 “ 0 ]^... ••• **• (fi) 

- Bq {p^q)=:aip+ai .(7) 

Bq^ {p-q)—aip-{‘a^ .(8^ • 

From xG), (Tl and ( 8 ), we observe that 

.(9) 

Similarly multiply (2), (3), and (4) by q and add respec¬ 

tively to (3),,(4) and (5), and proceeding as above, we get 

‘ (<7o^-f fli) .( 10 ) 

and (9) and ( 10 ) show that p and q are the roots of 

(flo^-f aj) (a2^+tf3)=(aix4*fla)^.(11) 
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or ^+Ka 3 - fl 2*)=0 .. .(12) 

Having found p and q from above we can rtnd A and B 
from (2) and (8) and the given cubic can be put as 

Taking cube-root of both sides, we can find one of the 
values of a: and then depress the equation by one dimen¬ 
sion and the remaining two roots can be found from the 
quadratic. * 

One condition lias however to be seen and is that if 
roots of (12) i. e. the values of p and q are imaginary and 
hence of B as such, then we shall not be able to extract 
the cube-roots of complex quantities. Hence jn order that 
the cubics may be solved by the above method, the roots 
of quadratic (12) should be real, the condition for which is 

B‘-iAC'> 0, 

Hessian :— 

Note— If we make the given cubic homogeneous by 
introducing y where is to be put erjual to (1) afterwards. 

/(^> 8a2X/+dgj3=0, 

then ~==8(tfoAf^+2aiA:_y+aa/), 
dH 
02 / 

and ^;:2=6(a2^-|-a37). 
qx 

Putting y=l, we find that the quadratic equation 
whose roots are p and q is nothing but 

ey ay 


2 
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The above equation is called the Hessian of the cubic 
and its roots should be real if the cubic is to be solved by 
expressing it as the sum or difference of two Cubes. 

Alternative method of finding the quadratic whose 
roots are p and q. 

Let p and q be the roots of the equation 

.(Id) 

/, 3^nd ^2+A(7+ju=0. 

*Now multiply (4) by (1), subtract (3) multiplied by A and 
add (2) multiplied by ^ ; we get 

A(p^ +A/>+m) “h 4* m)=^2 — 4“ ^ol^‘ 

^72-“fliA4’<^0/^^(l *.(14) 

Similarly .multiply (5) by (1), subtract (4) multiplied by 
A and add (2) multiplied by fi ; we get 

^ 4 " "“b ••• .. .(lo) 

Eliminating 1, A, n from (13), (14), (15), w'e get the 
quadratic whose roots are p and q in determ.inant form as 



X® X 1 

II 

o 

o 


X® —X 1 





flg rtj ag 





^2 

or 

1 -X X® 

.=0 



Oq dg 

or x\a^z - ai^)4-«(ffo«8“* flia2)4-(«i«a- 
w'hich is same as (12). 

^ Note :—In practice try to form the Hessian of the 
given cubic and having found p and q from the Hessian 
find the values of 'A and B from (1) and'(2) or find the values 
oF p and g from the determinant 



Solution of Cubic and Biquadratic 


125 


1 1=0. 


fll (X 2 ' 

Ex. 1. Solve the equation 2x^-\-3x^-^21x-{-19=i0 by 
expressing it as the sum or difference of two cubes, (Agra 39) 
Let .(1) 

p and g will be the roots of 1 -x \ 

i 

0 1 O2 I 

t 

Cj ^2' ^3 * 

where Oq--2, —7, and 03=10. 

Putting the value? of Cq, a^, a^, O3 and exj:!anding, we 
get the quadratic 

x2-.3x-f-‘2=0 or (x-l)(x-‘2)=0, ;/^= 1, ^=2. 

Again comparing the coefficients of .r® and x^ in (1), we 
get and Ap-B(j=-1. 

Putting the values of p and 9 and solving, we get -4=5 

and 

/. 5(;tf-])S=3(x^2)3 


*—2 ij'o 

where ^=1, eo, <o® and 

* W5 - - 2it-?'8. 


. (5)>/»-2M3)>'» 

• • ^ }n f- 


•• (3)^/8 * 

Multiply above and below by a^-^abA-b^ so that D*^ 
tecomes 0®—fts 
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Multiplying and putting 

,2 - 


x= 


Now put k=l, w, for the three roots which are 
i (-1 - ^75 - ^45), U -1 - w^76 - <02-^45) 
and hi-1- - 01^45), •/ (o^=l. 

Ex* 2. So/ve the equation x^-\-3x^~~27x-\-104=0 by 
expressing it as the sum or difference of two cubes, (Agra 6o) 

Let x^ 4-8x2_27 x+104 =A {x-pf-B {x-~qf .(1) 

, p and' q will be the roots of 

1 -X x2 ,=0 


I 


1 -9 


or 


or 


1 - 9 104 i 

10x2-118x-28=0 (5x+]) (2x-28)=0. 

. /. /)== - I and q=^i. 

t 

Comparing the coefficients of x® and x® in (1), we get 

Ap — Bq= — 1. 

Solving these two ecjuations, we get 

= and B=jIj, 

Hence ’‘-Pff 

x-q \AJ \125/ y 

8x=- 5/» — '■Iq = - 24. /. x= - 8. 

Dividing the given equation by x+8, we get the 

5"*- i8\/3 

quadratic x®—5x4-18=0 giving the other roots as -. 

(b) Solve the cubic 152x^^60x^-606x^485=0 by expressing 
it a's the sum or difference of two cubes. 


or 


5 


- 40ii7V7' 
38 ' ' 


Ans. 
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(c) By expressing the equation 

35x^+339x^+1113x+1241^0 
as the sum o f two citbes^ find its roots. 

_17 -22±3x/Hi 

5 ’ 7 Ans. 

Ex. 3* Prove that if a cubic has two roofs equals then its 
Hessian has also two equal roots in common with the cubic and 
conversely if the Hessian be a perfect square i.e. having two equal 
roots then it is a factor of the cubic which has two equal roots. 

Let the cubic be If it has two equal 

roots then we know that 6’^+4/7®=0.( 1 ) (P. 81) 


or 


or 


Tlie Hessian of the given cubic is 

r^f ( sy Y n 1 1 

'“2 . TT I =^-1 ^'here r=l, 

c 7 “ \^x ()yj 

in determinant form 

0 

i = 0, <71 = 0 

a^^^H^ a^^^G 


I 

1 

0 


X 

0 

H 


1 

Or 


— X X* 


a. 


a., 




H 

G 


=0 i.e. //aM 


( 2 ) 


Now if G®4-4//®=0 ; then the Siscriminant of the 
quadratic Hessian (2) vanislies -and it has tsvo eqiyil roots. 


Now' we have to prove that tlie equal roots of ( 1 ) and 
(2) are common. Divide the cubic by Hessian and we get 


. 0 . . . G*+4//s 

the quotient as x—^ and remainder —— x. 


The 


remainder wdll be zero as G®+4/:/*=0, showing that 
the Hessian which has equal roots divides thfi cubic without 
remainder and as such it is its factor. 
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Conversely i—If the Hessian be a perfect square, we 
have equal roots; then G®*4-4H*=sO and with the given 
condition Hessian becomes a factor of ■ the cubic and as 
such it will also have two equal roots in common with that 
of the Hessian. 


— a— 


Ex. 4« (a) Jf the cubic equation aQX^-\- 3 aix^-)r 3 a^x-\-a ^-=^0 
has two roots equal to «, prove that 

Hi' H 

where H^a^a^-^a^, — 

(Agra 38, 46; Pb. 43) 

We know that if a cubic has two roots equal, then its 
Hessian has also two equal roots in common with the cubic. 
The Hessian of the given cubic is 

(ao<Z2-V) ^ + = 0 

or .(1) 

I 

Since it has equal roots, 4Hi^-4//f/2=0 
or Hj*—HHa.(2) 

Now each] of the equal roots is common with that of 
the cubic and hence it is also a. 

2 // 

2 a=ssum of the roots of (1)= — 

H tl 

or -a= 77 -' and also = , 7 ^ from (2). Hence proved, 

n til 


Alternative method. (Pb. 56) 

We know that if / (x)=0 has two roots each equal to a, 
then a must also be a root of /'(^)=0. 


.( 1 ) 

tfQa* -h 2a la+flg — 0.(2) 

Multiplying (2) by a and subtracting from (1), we get 

2fla0t4' 0. 
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From Ci) and (3), we have 


2a 


1 


or 


a2_ 2a __ 1 

7-/2 - 2//1 /7 ' 

._ 

■ Proved. 

(b) If x^^3px^-\-3qx-\-r and x^-^2px-\-q have a common 
factor show that 

4 iP^-q) {q^-pr)^ipq-r)'^- (Agra'42) 

If a:- a be the common factor then a is a root of 
f (jc) '3px ^+; ]qx -f- r —0 

•mcl 4-^—0. which is/'(■^)* 

/. x®-r3/;a.-f3/ya-|-r=0 ... (1) 

a^+‘2/>a+<7—0.(2) 

Multi[)lying 2) by a and subtracting ffom (1), we get 

y;a^ 4 2q(f-jr r=0.(3) 

Solving (2) and (3) by the inetliod of cross-multiplication, 


a' 


a 


2 pr - 2 q^ pq-^ (2^ - 2 p^) ’ 

2 ipr-q^) 2 {q-p^)={pq-rf 

or ^iq^-pr){p'^-q)={pq-rf^ 

Ex. 5 . If the cubic 

ax^-\- 3 bx^-\- 3 cx-\-d^l (x-\-d)^-^jn (Ar 40 j*, 
ihow that 6 and <h are the roots of the quadratic equation 


^0. 


(Agra 36, 47) 


bed 

See g 3. 

Ex. 6. Prove that if a cubic has three roots equal, its 
Hessian quadratic vanishes identically and conversely. 
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The cubic has three roots equal if G=0, //=0 [§ 1] 
and hence the Hessian quadratic of the 

cubic x^-fSi/x+GssO vanishes identically 

Ex. 7. Find the relation between q and r in order that the 
equation may he put in the form 

x*=fx®4-ax-f-i>j2. 

Hence solve the equation 8 x^ — 36 x-{‘ 27 ssO, (Agra 42) 

x^=x^ -f )a:* -f 2a6x+ 

r. 3 j «^+26 z , b^ ^ 

' *’+■ 

Comparing with the given cubic, w'e get 

b^ b^ 

fl24-26=0, 6=^, and ^-^^r; «==2r"^*^ • 

Putting the values of a and b in a 3 -\- 2 b^(\, we get the 
required relation as Hr^+q^—0. 


8x3-86x4.27=0 
or x3-^x4-®8“”0. 

Its coefficients satisfy the relation 8 r^-f 7 ^—0. 


b=q--^ - I and 


a- 




= 3 . 


Hence it can be put in the form 


or x3-|-3x- |=: ix*^ etc. x==|, — J(1 + V 8 ). Ans. 

Ex. 8. Find the condition that the cubic ax^-\- 3 bx'^-^ 3 cx-^d 
may be capable of being written under the form 

/fx-ai)3+M(x-^J3+nfx-yi)3 

where aj, yi are the roots of the cubic aiX^-\- 3 biX^-\- 3 ciX-^di= 0 , 
Comparing the coefficients of like powers of x, we get 
. ' /-fm+«=a .. ... ( 1 ) 

«yi=-A .( 2 ) 

f«i*4-m/3i*4-«yj2rcc . ... (8) 
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.^4) 

Multiply (4), (3), (2) and (1) by Aj, 3^i, Bcj and respec¬ 
tively and adding, we get 

0 0 0 

or (adj^ - aid) = 3(ifCi - bic) is the required condi tion. 

Ex. 9 . If ax^-\- 3 bx^-\- 3 cx-\-d-\-k{x — r)^ be a perfect cube, 
prove that 

{ac-~b'^)r^‘{-{ad — bc)r-{-[bd-‘c'^)^0 


<f>{x) = (a + /:)x3-|- 3x\b - kr )+ 3a:(c -f -f (rf - kr% 

If >/i(x) be a perfect cube then, «^(a:)= 0 should have 

three equal roots say each equal to a. 

„ ,.kr-h . 2 oic-\-kr^) kr^-d 

2a=3a=3—y-i , 2!X^=3a'’—o - a«y=a®=— —r* 

a-i-k a+k * a~{-k 

Now (aY=a.(x3, Putting Ac values of a, a^, a® and sim¬ 
plifying, we get 

bd-~c^=k{^lcr^-\-br^-{-dr) .(]) 

a^Xa==a^ 


Proceeding as above, we get 

ad-bc—kiar^+br^^cr-d) .(2) 

and (a)2==a*; 

/, ac-b^=^k{-2br-ar^-c) .(3). 

Multiplying (i), (2), (3) by 1, r and respectively and 
addmg, we get the required condition. 
f Solutions of Biquadratics. 
jK § 4. Euler’s solution of the biquadratic. 

(Agra 34, 36, 41) 

Let the biquadratic be ao^*-i-4«iJc®-f43<Ja-‘'f®H-'4a3A: |-a^=U 
which can be reduced,to the form 

2H6W+4C?2f(V^-3H*)=0'.( 1 ) 

where «i. 
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Let us assume that V/^4-.(2) 

Squaring, we get 

?4-0]=2 Npyq-\-'\/q^r+>Jryp). 

Squaring again, wc get 

=4 [pq-\-qr+rp-^^\/pyJq\/r (\//»4-V'(?4-V>^)] 
or z^ - (22^/^) —8^\/ p\f ^ V - 427/)^—0.(H) 

Comparing the coefficients of like powers of z in (1) 
and (8), we get 

Zji=~?.H,\Jp\lqyJr=-^-, 1«P=\ 

and {Spf-iSpq=a„^l-V,H^ or Spg=HII^-'^. 

Hence the equation whose roots arc /», </, r is 
i>-{2:p)tH{Spq)l-pqr^Q 

or t-~ .(.1) 

(Remember) 

The above equation is called Euler’s cubic. 

Now we know that {HI — aQ-J); 

* ’ 4 4 ' 4 * 

Hence from (4), wc get 

/3+3///2 +t + H^- =0 

" Ir 3 ^ 

or (74-=0 .(5) 

Now putting i~\-H=a^d. wc get 

or 4.«,»«*-/a/+J=0 ..(B) 

(Remember) 
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Equation (C) is called reducing cubic of the biquad¬ 
ratic equation. 

Note. We have seen that G occurs in even powers 
in Euler’s cubic and hence if we had the biquadratic as 

then its Euler’s cubic will 
l)e the same as that of the given biquadratic and hence 
both will h^e the same reducing cubic. 

Relations between the roots of the biquad* 
ratic and Euler’s cubic. (Agrs^ 51) 


We have taken . 

If each of the three radicals ha\'e their double sign, 
then we shall get eight values of z by the :jbove assump¬ 
tion, but there is a c'ondition that 

V/>. Vl—- ir • .(2) 


or 


\/ r—— 


z^VP+V*]- 


G 

‘2V/>V9‘ 


Now giving Vp» Vq the double signs, we get the four 
values of z> 


The signs to be affixed to y/p, V?, Vf should be such 
as to satisfy the limitation imposed by (2), i.\. if G be 

Q 

~ive, u e. — 2 *+ive, we should affix such signs as to 

make y/py/qy/r also -hive. In this case we shall choose all 
of them to be -f"ive or two ive and one*4-ive, 

• , 

If Zi, Z 2 j z^i Z\ be the values of z and «, j3, y, S be the 
roots of the given biquadratic, then 
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G^ive. 

Zi^a^ct+ai^ Vp-y/q-^/r r yjp +ive^ 

^2=«o/54-fli=-V/>+V?-Vr J V? +ive I 
■^ 3 =^oy+ai=-Vi>^V3+V»' '1 y»' +ive r.(A) 

-^ 4 =flo^+<»i-= t all +ivej 

/. «o («+^)+2<Ji= - 2Vr 
«o (y+S)+2fli=2\/»'- 
.*. flo (“+/3-y-8)=-4Vy 

or ^ (a4-^-y-dis¬ 
similarly, (y4-«-/3-d)s 

/-=“^(|8+V-«-e 

Note —In relations. (B), 8 is always with minus sign 
and a, /?, y are - ive respectively in the values p, q and r. 

Q 

Note —In case G be 4-ive ue. — -- -ive, then wc shall 

choose all — ive or two 4“ive and one —ive, i.e. 

^i=floa4-fli= - V/>4"V^4“\/^ etc. V/'“ive. 

I. Prove that if the biquadratic has two distinct pain of 
equal roots^ then affI=il 2 H^ and af^J^SH^. (Pb. 45$ 60) 

Suppose 0 L=p and y=8, then from relations (B) both p 
and q are ^Tiero i.e. two of the-roots of the Euler’s cubic 

/-~=0 

vanish, and hence 

G=0 and 3//*=“-^ U aoV=12i/» 

4 

Again we know that G^’^ 4 H^=^a^ {Hl-^a^J). 

Putting G=0 and ao*/=12H*, we get 


} 


• • • 


...(B) 

(Remember) 
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Q,. 2. Prove the following :— 

(i) When the roots of the biquadratic are all real, ike roots of 
Euler's cubic are all real and -{-ive. 


(ii) When the biquadratic has all its roots imaginary, the 
roots of Euler's cubic are all real, two being negative and one 
positive. 

(Hi) When the biquadratic has two roots real and two 
imaginary, then Euler's cubic has two imaginary and one real -^ive 
root. 


Make use of relations (B) and take imaginary conjugate 
roots as a-j^ib etc. 

Q. 3. Find the value of , 

fy+a-Z^-S) (a+^-y~8) 

in terms of the coefficients of the biquadratic. * (Agra 35) 

s 

From {!>), we have (ot+iS- y - S)= - 4V ^ etc. 

Hence the given functions=(-“4V^) (*“4V/>) (-4:\/0 

-04V/'» V q.yr ^^04 (^) 


=32G=32 

Q,. 4. Prove that if two roots of Euler’s cubic vanish, then 
the biquadratic aQX‘^-{- 4 aiX^^ 6 aiX^~\- 4 a^x-^a ^^0 has two pairs 


oj equal roots given by 


-^ - ^ 


fir 


If two roots of Euler’s^^cubic vanish, then from Q. 1, 

(?*=0 and Co^/»=12//* .. *•»(!) 

Also if ^=:ao^+fli then the given biquadratic reduces 
to .c*+0//4:*-f4G^-fflo®/-3/7»=«t0i 

or :t*-f CW+9H2=0 frofti (1). 

(c*-b3H)*a»0 or 


i * 
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or «o^+fli=±V(-3//), /. 

Cq 

Note. fJoY (^')=[(^o-^+fli)^+3/^f by putting the value 
of <?: in 


Q. 5. When a biquadratic has two equal roots, prove that 
Euler^s cubic has two equal roots whose common value is 
3 aJ- 2 HJ 


21 


and hence show that the remaining two roots of the 


biquadratic in this case are real, equal or imaginary according as 
3 aJ — 2 HI is -f- ive, zero or — ive. 

(Agra 1934, 38, 42) 

Let ; then from relations (B), we get 


a‘ 




i.e. 


Hence the Euler's cubic, 

/ a^J\ 62 


has two equal roots. 

Now we know that if / (t) has tw'O equal roots, then/ {t) 
an<i/'(0 niust have H. C. F. of 1st degree which when 
equated to zero will give the required root. In the process 
of finding the H. C. F. the first degree quotient is 


-afl 

0 


r- 


G2 

4 


-/f2 + 


aVH 

12 


which should be the H. C. F. and when equated to zero 
gives the required equal root, 

^a^IH 

12 4 ■] 
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Putting G^-\ we get 


«=- ^f-=P or 5=-A(^_8)». 


Now if ?aJ^2HI is +ive, then (y-8)® is 4-ive and as 
such both y and 8 must be real. If 3aJ--'2HI=0, then 
clearly y=8 and if ?flJ — ?/// be-ive, then (y-8)® being 
-ive both y and 8 should be conjugate complex. 

§ 6. Relation between the roots of the biquadra¬ 
tic and reducing cubic 4ao®<?®—Iao0+J=O. 

From relation (A) of § 5, we have 

<7o(a-^)=2(V/^-V^) 

and flo(y“®)== V?).« 

/. -V (y^8)=4 

A 4 ip^q)^W (f^i-^2)=-V(a-i0)(y-8) 'I 

4 (^2-^)3'= I- 

4 (r-/))=^V (^ 3 ~f^i^==“V(y--a)(^“ 8 ) J 


Remember the above relations. 

Note. The first factor in the relation of p-~g is (a— j8) 
and the 2nd is (y-8). In the 2nd factor 8 is alw’ays -ive. 

Subtracting 1st relation of (C) from the 3rd, we get 

4 ^ 0 * [63 —“"<*0^ [(y~*) (j8~8) —fa—^ (y^S)]. 

Put ^i+^ 2 +<? 3 = 0 ; /. ^2+^3=-^1- 

/. 12^i=-(y-a)09-8)-(a-/3) (y-S). % 

Similarly 12^3=(a-^) (y-8)-(/?-y) (a-S) I. 

and 12^3=08-7) (a-8)-(y-a)(i8-'S) J . ' 

Remember the above relations. 
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£z. I. Find the values of the following symmetric functions 
of the roots oj the biquadratic in terms of the coeffments :— 

(1) {(i 8 -y)*(a- 8 )a+(y^a)=* (/?-S)2-i-(a-^)* (y-S)*}. 

(Agra 41) 

(2) [(y-a)(^-8)-(a-^)(y-S)] 
x[(a-/3)(y-S)-03-y) (at-8)l 
X[(^-Y)(a-.8)-(y-a) 1/3-8)]. 

(3) iP-y? (y-a)* la-S)^ (y-S)^ 

i.e. product of the squares of the difference of the roots of the 
biquadratic. 

(1) From relations (C) the given symmetric function is 

10 [(^, - - ^3)"+(^3 - Vi.(1) 

where ^3 are the roots of the cubic 

IaQ0-{-J =0. 

We have to find the value of 


16 [2i:V-2i^V2]=32 [(2:V~2S9i^a- ^^ 1 ^ 2 ] 

24 

“rr [‘W'«-4aiOs+3aa®]. 

“0 

(2) ^ The given symmetric function from relation {D), is 

n%e,et =12 x 12 x 12 x J 

— 432 

= —^ -F2fliflaa3 - "o V “ - «a®] 


• ‘ V 

(3) The given symmetric function from relation (C) is 
16*(9i-V(^a-V(^3-V whire 9i, 9^, are the roots 
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of which is of the form. 

(See § 13 P. 77) 

x^-{-qx-\-r=0 whose squared difference equation is 

The product of the roots 
= — ( 45 ®+ 27 r®). Therefore the product of the roots of the 
squared difference of reducing cubic is 

Hence given symmetric function is 


«o® (Agra 47) 

Discriminant:—The expression /® —27./^ is called 
discriminant of the biquadratic and is denoted by 
(at - Pf (« - y)^ (a - 8)2 0- y)2 (j8 - 8)2 (y - 8)2--= 250J. ^ The 
vanishing of the discriminant A is the* necessary and 
sufficient condition for the equation to have equal roots. 

Note. \Vc know that from a given equation to obtain 
another equation whose roots are the roots of the given 
equation with sign changed, we have to change the sign of 
every alternate term beginning from the 2nd. Also w'e 
know that (a--j8)2=[( —a) — ( —/ 3)]2 etc. 

Also discriminant of a cubic or biquadratic when 
multiplied by a constant gives the ‘product of squared 
difference of the roots of a given equation and hence we 
conclude that the discriminant of a given equation remains 
unchanged if we change the sign of every alternate term of 
the given equation beginning from the 2nd (the '^equation 
being complete). 

Ex. 2. If the roots a, y, 8 of the biquadratic 
ax*~^ 4bx^-\-6cx^-^ 4dx-\- e= 0 
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be so related (hat et-^S, jS—S and y — 8 be in H. P,, prove that 

ace-\-2bcd —arf* — bh — 1;®= 0. (Delhi Hon’s 5a) 

Since a —8, jS—8, y — 8 are in H. P. 


or 


1 1 I., • A P 

~ it a fit s are in P• 

a—8 p — 0 ’ y — 8 


1 _ 1 _ 1 _ 1 

P-S a-S y-s p-s 

(«- P) _ = Qg- y) 

03-8) ^«-8) {v-8)03-8) 

or (a-)3)(y-8)-(|8-Y)(a-8)=0 

z. 12^>2=0 or 0a—0 [from relation (D) P. 137] 

Hence one root of the equation IaO-{-J=Q is 

zero and consequently J =0 or ace-\-2bcd — ad^ - bh—c^=0. 

Resolution of the biquadratic into quadratic 
factors. ^ 

§ 7* Descarte’s Method. (Delhi Hon’s 48 ; Agra 36, 

4 ®» 47 » 5 *> 54 j 55 5 35 j 4 *> 54 * 55 s 

Let the equation be 

f{x)^aoX* -l- 4 flxr®+ ia^x -f ^4=0 


and it be reduced to the form 


(Agra 41) 

where z=aoX+ai. Tf Zu ^ 2 * Zz, z^ be the roots of the 
equation/( 2 )= 0 , then 


or say 

and let 4 : 1 ^ 2 —? and ZzZt—q' 

/. fiz)^{z^-pz+q){z^-hpz+q'). 

Comparing the coefficients of like powers of Zt we get 

' (i) 


(ii) Piq-^q')^^G 


...(A) 
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Now 

or (/+12H/-»+36H'*)-4p“ («,V-3//*)-16G»=0 
or p^+VWp^+il^ (]2//*-ao®/)-lCG'=0. 

Above equation being a cubic in can be solved 
generally by trial method and having found p'^ we can 
find the values of q and q' from (A) and then the quadratic 
factors of /(^) are known. In this way we can find the 
roots of/(-?:)==() and consequently of f{x}=0. 

Reducing Cubic :—^The cubic in can be put as 
{p^+V2IIp^+kHp^H^ f04H3)- V/ (i>^+4//) 

Now putting 1^^== 4^0®^, we get 4^0*0* 
which is the same reducing cubic as found in § 4. 

Note :—In order to find the value of p^ by trial, try 
those numbers w'hich are whole squares i. e. 1, 4, 10 etc. 
and see if they satisfy the cubic. 

Solve by Descarte’s method the following equations s 

Ex. I. x*^3x^^42x-40—0. *(Agra 54 ) 

Let f{x)^{x^-{-px+q) {x^-pxi-q). 

Comparing the coefficients, w^e get 

q + q'-p^=-S or g+(/'*=^-3 

/>(?"“?)=>-42 or 

—40 


and 
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or 


{q-q')^={q‘\-qy-4qq' 

42* 

/2=(/'*-S)*+1G0 


or /3-C^H16S/-17C4=0, 

where /=/>*. Clearly ^=9 satisfies the above cubic. 

/>*=9 or /»=3 or —3. 

Choosing/?=3, we get q-]-q'=G and q'-q= -14. 

/. <?'==—4 and 5=10 and these values satisfy the 

relations qq'==^ — 40. 

'•Hence / (.v)=(A:*-f 3x+10) (x*-3x-4)=0. 

. , -3±tV31 

.. *=4, -1, —2— • 

£x. a. — 5 j:*- 5 a:- 5 = 0 . 

• (Pb. 35, 48; Delhi Hon’s 51) 

Proceeding as above, w'e get ^®-10/*4-4r)/ —3G=0, 

-l4iV3 14V(21) 

-2---, - . 


where <=/»*=I etc. 


Ans. 


Ex. 3. x^ — 6 x^-\- 3 x^-\- 22 x- 6 =^ 0 . (Agra 40, 47) 

In order to remove the 2nd te; rn, we shall have to 
diminish the roots by | which w’ill be difficult. Hence we 
first multiply the roots by 2 and get 

/ _ 12/+12/+176jy - 9G=0. 

Now diminish the roots by 3 and we get 
^4^42.2^32.t-l-297=0 
where , C=7-3=2;f-3, etc. 

In order to solve / (^) proceed as above and w’e get 
/3_g4/2_|_570^_ 4024=0, where /=:^*=4 etc. 

/. (a-2-2;c-6)(«*-4x+ 1)=0 or Ar=14 V7, 24 V3. 

, Ex» 4 . X* — 6x^ — 9x® -f 66X — 22=0. (Agra 36 ) 

<®-18G<®+px272^-9()X9G=0, where t=p^==^36. . 
(^f*-4)(A:*-C;c+2)=0. 
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Ex. 5 . - 8x^ — 24X -7=0. (Pb. 31 , 60 ) 

Hint, —10^*4-‘^6^ — 570=0, /=10 =/** etc. 

Ans. — 2 + iVd, 2 + V 3* 

Ex. 6 . X*— 10x^ — 20x—16=0. (Pb. 41 ) 

Hint. — 20/^4-104/ — 400=0, where t=i=p'^ etc. 

Ans. x=4, —2, — l±i. 

Ex. 7 . x^-2x^-\-8x-3. (Pb. 43 ) 

Ans. ]±iV2, — 1±V‘2. 

Ex. 8 . (a) Solve x^-8x^-12x^-\-60x+63=0.- , 

In order to remove the 2nd term, first diminish the 
roots by 2 and the resulting equation is 

<*-364:^-52^4-87=0, where z=x — 2. 

Now proceeding as usual, t cubic is 

/3— 70 ^ 2 _p 12x79^ — 52x52=0, where t=p^=i. 

J U)=U"+‘2^ - 3) (-2 - ‘2^ - 29). 

.-. 4:=-3a, l±V3a 

Hence Af=<4-‘2== -1, 3, 3+V30. 

(b) x^-\-8x^-\-9x^ — 8x —10=0. 

Ans. ±1, -44 VO. 

Ex. 9 . (a) x*-12x-5=0. (Pb. 55 ) 

Hint. /®420?-144=0. j!)^=/=4. j&=2 etc. 

Ans. — 14 2i, 14 V 2. 

(b) Resolve into quadratic factors 

x^+12x-\-3=0. 

Proceeding as usual, t cubic is 
/®-12/-144=0, where/=/»*=0. p=y/C). 

f{x)={x^-{-y/rjx-{-n-^6) (.v^-V6;c-b34-Vfi). 

Ex. 10 . x^ — 3x^-6x —2 = 0 . (Agra 55 ) 

— 4-17/—36=0, where/=4j>®=4 etc. • 

4-2) (x^ - 2x -1) =0. 

:«r=-l±i, 1±V2. 
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§ 8» Ferrari’s Method. 

(Agra 44,46, 48, 50, 52, 57, 60; Pb. 33, 39) 

Let / {x)=ax^-]-ibx^-\-^)cx^-\-4.dx-\-e^0. 

Let us suppose that 

/{(<i*H26*+c+2a9)*-(2M*+J\0*}- 

Comparing the coefficients of like powers of x^ we get 

.( 1 ) 

MM=bc-ad-{-2ab6 .( 2 ) 

s JV^==(c+ 2 fl 0 )*-fl« .(B) 

Now 

/. {b^-ac-\-a^B) ad-}-2atef. 

The above equation on simplification reduces to 
4a^6^—{ce^ 4bd-\- 3c*) ad-\-ace-~ 2bcd — ad^—eb^—c^ 

or 4a^^-Iae-\-J=^0 .(4) 

which is the same reducing cubic as before. From this 

equation, we can find the values of 0 and hence the values 
of M and N. In this way w^e are able to express the given 
biquadratic as difference of two squares and we obtain the 
two quadratics 

flx*-|-2 (ft —M) x-4-c-\r9a9^K=sO (5) 

and flx *“|-2 (ft-f*Af) 0 ..(G) 

' Now 0 will have three values say 0^ and corres¬ 
ponding values of M be Afi, M 2 , M 3 and those of .Vbe jV,, 

Let the roots of (5) be jS, y and those of ( 6 ) be a, S when 
M, H, 9 receive the values Mj, JVi and 0i respectively. 


;8+v=-“(t-Ati) and 
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• • 

Similarly 


and 


^"by —a-8=— Ml. 

d 

y+a—j8 —8=:-A Mj 

« 4 -^—y —S=— M 3 
a 



« « • 


(A) 


and 

and 


]3y+a8=-~+40i 

a 

V«+/3S=^ +4^, 
a|8+vS=-|-+403 




.(B) 


Also from (A), we get 

(Af2H“A43 — Ml)—(2ot—28 — y-^-aH“8) 

vv 


=(3a—^ — Y — 8)=(4a — Za) 

=0“+f)=T 

Also from (A), we get 


fla“|-i*=^ — ii4i“{-A42'4" ^^3 


a/?+^=Mi-Ma+M3 

fly + ^=Mi+Ma-M3 




• • • 


(C) 


and a8+4=-Mi-M 2 -Mj J 


jSy — aS 
ya —/?8 
• aiS-yS 


a 

-2JV‘a 

a 

-2jv; 


)-.(D) 


Ex. I. ^ j8, y, 8 rooij of the biquadratic 

ax*-\- 4 bx^-\- 6 cx^-{- 4 dx-j-e=: 0 ,form the equation whose roots are. 

(i) ^y+aS, ya+^8, ajS+yS. [See Ex. 7 (a) P. 93] 

(ii) Y^ 

'' jS+y-a-S; y+a-/3-8’ a+i8-y-8* 

[See Ex. 7 P. 74] (Agra 46) 
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or 


or 


or 


(tii) i (^^-y-a-8), J (ya-^S} (y-f-a-^-S), 

i - y ^ “ y “ 

From relation (1), -?:=*^y4*otS=~4-40i 

/. where $i is a root of Aa^6^^Ia6-]-J =0. 

Hence the required equation is 
' {ax - 2r)» - 4/ {ax - 2r)+16 J=0. 

(li) s = -i Ml 




fl^c — a^d -f- 2d^b$i — 2^®+ 2fl8r — 2aHdj^ 


— flr-f <*^^1 




-H y 


or 


Now eliminating between above and 4fl*^x®—/a^i-f-J 
0, we get the required equation. 

(lii) 4;*=J(/Jy-«8) (^+y-a-S) 

_ from (A) and (D) 


a* 


or 

or 


— a^z^bc ad~^2ab$i 
„ ^a^Z’¥bc-~a(r\ 

2ab ) ^ 


where satisfies the equation (4a*6®— 
Hence the required equation is ^ 
{c^Z’\‘bc^adf—b^I 

G ’ 

Es« a. Show that MiM^d^=i 
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We have from relation (A) of § 8. 


^ (j8 +y-a-8 ) (y+a^iS-S) («+/5-y-8) 

Q 

=-A-. 32 G= Y • (See Ez. 3, P. 134) 

Alternative —Let a, j8, y, 8 be the roots of 

fljc*-j-4-«=0.' 

If its roots be diminished by h= —^ , then we get 


.4 4.4Gj; (^2«/ 

^ +■?■ +T> +“■ ? 


and its roots a-A, jS —A, y — h, B — h be a', y\ 8', then 
i3+y- a- 8=/3'+y' - a' - S'= - 2 (a'+S^. 

V a'+i3'+y'+8'=0, r+y --(a'+S'). 


{- 8 («' +S') (/ 3 '+ 8 ') (Z+SO} 

^ • [from (A) P. 145) 

= _ ^ {8'»+S'* («'+/3'+y')+S' («;p- 

+;8’y'+v'«')+«'/8'y'} 
= _ ^ {S'» («'+/3'+y'+8')+7a'^y'} 

= -~ (S«ry'+S'’^«') 

__a» 

8 ^ a* 2 * Hence proved 
Note. Solution of biquadratic equation by 
Ferraries naetbod for numerical equation. 

The following example will illustrate the above method 
in a simple form. 

£z. 3. Solve the equation • 

7 x®- 5 x+i 2 =»(?. (Agra 5a) 
x*+^ 12. 
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Adding to both sides, 

12 . 

(Jf*+Af4'A)®=8x®+8x— 12+A®-f2A 

(8+2A)+x (8-f 2A)+A2-12. 

Now apply the condition that R.H.S. be a perfect 
square i.e. i5*—4-4C=0 and we shall get a cubic in A from 
which A can be found. The solution of cubic in A may not 
be easy and as such we try the following method. If 
R.H.S. is to be a perfect square, then the coefficient of 
X* as well as constant term both should be perfect squares. 
We put the coefficient of x^ equal to 1, 4, 9,16 or 1, i, iV 
etc., and see that the value of A thus obtained makes the 
constant term also a perfect square. 

In this ease 8+2A=l or A—and this value of 
A makes A® -12 equal to J which is a perfect square. 

/, R.H.S.=x®4-x+l=(x-4-^)^ 

or (*H2*-8)(**-4)=0 

* /. x==4 2, “3,1. Ans. 

Ex. 4. (a) 

(Delhi Hons. 50, Pb. 33, Agra 60) 

Multiplying the roots by (2), we get 

/('2:)==-t^+6-s:®-C.c®+16=0, where ^=2x 

or (^*4.3^)a=: 15^* -16 

or (c®4'84:+A)*s=152®-16-|-A*4*2A 

R.H.S. is «*(16H-2A)+6A«+(A®-16)«0. 

Let 16+2A«25, A=5 and R. H. S. is (5-?:+3)». 

/. /(^)=(^*+ 32 + 5 )*-( 5 .:+ 3)®«0 
or 2 - 2 + 2 )—0, 

-2±V2. 

(b) Resolve into quadratic factors 

x*+3x*+x*-2. 


(Agra 48) 
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(jcHI^+A)2=:(2A4-|) x^+S\x-\.X^+2, 

where 2A+f=l or A—-J, 

makes the R.H.S. a perfect square. 

Hence / (x)=(AC®4-2Af-2) 1)=0. 

Ex. 5* x^-^ 50x-{-24=^0. 39 ) 

(xa-6;c+A)**=(2A-10) x^+x (50- 10A)+A*-24, 

where 2A—10=4 i.e. A =7 etc. Roots are 1, 2, 3, 4. 

Ex. 6. X* — 8x^ — 12x^-{-60x -f 63=0. 44 ) 

A=-12, (;c2_6A:-21)(.t2-2^-B)=0, 


8±\/30, B, -1, 

Ex. 7. x*- 2 x^- 5 x^-\- 10 x- 3 =^ 0 . (Agra 57) 


3±_V5 ~l±yiB 
2 . 2 \ 


Ex. 8. 

(Agra 40, 505 Pb. 47) 

A=12, 19) {i^-2z+6)=^0. 

Ex. g. If a (ax*-\-4bx^-{-6cx^-{-4dx-{-e) 

=(<jx^-|- 2 /»x+r) {ax^-\~2qx-^s) and r+j ==2 (r — 2 </»), 
find the cubic equation giving <ft. (Delhi Hon’s 50 ) 

Ex. 10. Prove that u^iZ^-4-^4^Z^-\~iPz-{-(^^I3H^) can be-. 


written as 


(z‘+3H+2k^)±(2kz 



provided that is 


a 


roof of the equation 40® — Ia^ift-\-a^J— 9, 

where G®+4H®=o® (Hl-aJ), (Delhi Hon’a 49 ) 



CHAPTER VI 

CHARACTER AND POSITION OF THE ROOTS 

OF AN EQ 1 UATION 

§ 1. Descarte’s Rule of Signs. (Pb. 31, 339 50) 

Positive Roots. An equation f (x)^0 cannot have more 
podtits roots than the number of changes of signs from -f /o — or 
from — /o + in terms of its first member. 

Negative Roots. An equation f (x)==0 cannot have 
more negative roots than the number of changes of sign in 
f(-x)=^0. . 

We shall simply verify the above statement and 
rigorous proof of the same ,is beyond the scope of this 
book. 

Let the signs of a polynominal be 

' ’ The given polynomial has five changes of sign. Now 
we shall multiply the given polynomial by a binomial x^h 
corresponding to the -f-ive root h. The signs of this bino¬ 
mial are H—. We ate concerned only with the signs and 
hence we rnultiply as below >— 

+ - + 5 changes of sign 

+ - 


.... ^ - 

- + - + - ± + 


+ ± 
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The resulting polynomial has two ambiguous signs 
and we can write it in four different way as follows :— 

A 6 changes of sign 


-f- 


- + 

— -j- — 

+ 

+ If 

fi 

-b 


“ + 

- + 


+ fi 

ft 


- 

- + 

“• 4* 


+ II 

ft 


— 

— H" 

— — 

+ 

+ If 

ft 


Thus we iSsee that in all the four possible ways the 
resulting polynomial has six changes of si gns i. e, one ^more 
than the number of changes of signs in the original polyno¬ 
mial. Hence we conclude that corresponding to the 
introduction of a positive root the resulting polynomial 
has one more change of sign. Now if (x) be the product 
of factors corresponding to — ve and complex roots, and 
oe,/3, y,. .be the +ve roots, then if be multiplied 

by (x-a), (x—/3), (x—y)..•..in succession, then each 

multiplication will introduce one more change of 
sign. Hence the number of positive roots cannot exceed 
the number of changes of sign in/(x)=0. 

• Negative roots. We know that -ive roots of /(x)=sO 
are positive roots of /(-^)—0 and as such the number 
of — ive roots of /(^)=*0 cannot exceed the number of 
changes of signs of / (- x)=0. 

Complex roots. If /(x)^Obe an equation of «th degree 
and if it be complete, then the number of changes of 
signs in/(x) i. e. -f-ive roots and number of changes of signs 
in/(—x) i. e. — ive roots is equal to nth degree of the 
equation and as such we cannot draw anji definite conplu- 
sion regarding the existence of imaginary roots. In case the 
equation be incomplete, then the nuinber of changes 
of signs in/(x) i. ive roots and the number of changes 
of signs in/(-x) t. tf. — ive roots is less than the degree n of 
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the equation. If a and b be the number of changes of 
signs inf{x) and /(-*) respectively i. e. greatest number of 
-five roots is a and that of — ive roots is ft, then n--(<i-bft) 
is the least number of imaginary roots. For example, 
consider the equation 

/(x)c=:x’ — 2AC®-f 7x*-f X®— 9=0. 

The above equation has three changes of sign and as 
such it cannot have more than three +ive roots. Again 
/(-x)=50 i. e. has only two changes 

of si^n and as such/(x)=s0 cannot have more than two 
— ive roots. Thus the max. number of real roots is 3-f2 
i. e. 5 and the degree of the equation being 7 we conclude 
that the equation must have at least two imaginary roots. 

§ 2. Change of sign of f (x). 

Jftwo real numbers a and ft be substituted for x in the polyno¬ 
mial f (x) and f (a) ani f (b) are founi to be of opposite sigm^ then 
at least one or an odi number of real roots of the equation f (x)^0 
lie between a and ft. In case f (a) and f (b) be of the same sign^ 
then either no real root or an even number of roots off {x)=0 lie 
between a and ft. (Agra Pb. 52) 

Case I. f (a) and f(b) of opposite signs. 

Let y^^fix) be a 
continuous function of 
X ; it should assume 
all values between f[a) 
and /(ft)., 

# N ow / {a\ f (ft) are 
of opposite signs i. e. 
values of y correspon¬ 
ding to the values of 
X i. e. a and ft are of 
opposite signs. From 
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K 

one side of Jf-axis to 
the other side of 
^-axis the curve 
^=/ W must cross 
the axis of x at 
least once as in fig 

1 at C or an odd A / \ li _ 

number of times as o ] /C Aw B X 
in fig 2 at C, /), and / L ^ 

E and at all such 

points where the y -fca)^ - HM ^ 

curve crosses the axis , . . 

of X, i. e. fix)^0 which means that./ {x) vanishes either 

at one or an odd number of times for values of x between 
fl and b. Hence at least one or an odd number of roots of 
fix) lie betw'een a and b. 

Case a. f(a) and f(b) of same sign, * 

In this case /(a) and Y , 

f{b) are of the same sign • 
i.e. value of y correspon¬ 
ding to the values of x i.e. 

a and b are of the same ^ I 

sign which means that 1'''"-'-^ ! 

• • . r . . A\ 5\ 

m passing from a point - q~~^ - X^K. 

on one side of x-axis to 

another point on the same Fig. 3 
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side either the curve y^f{x) will not cross the x-axis as in 
Fig, 3 wherei.«./(x)=0, or, if it crosses, it must cross 
an even number of times as in Fig. 4. Hence we conclude 
that either/(x) does not vanish for values of x between a 
and 6, or, if it vanishes it must vanish for even number 
of times. 

Deduietions. i. Every equation of an odd degree has at least 
one r^aljsfot whose sign is opposite to that of its last terrUy the co- 
ejfkie^t of the first term being -\-ive. 

Let the equation be 

x”+pix**~^+p^x »^+... +/»n—0 (« odd), 

/(-Qo)==-ive (« odd), f{0)^pn, /(co)= + ive. 

Case .1 pa is positive. In this case/( — oo) and /(O) 
are of opposite sign and hence at least one real root must 
He between - oo and 0 i.e. it must be negative opposite to 
the sign of whicn is +ive,^ 

Case 11. Pa is negative. Here /(0)= — ive and /(oo )= 
4-ive i.e. they are of opposite sign and hence at least one real 
root must lie between 0 and oo. This root is clearly 4-ive 
i.e. of sign opposite to that of p^. 

3. Every equation of an even degree whose last term is nega- 
itiiie and the coefficient of the first term positivCy has at least two real 
rootsy one -\-ive and one - ive. 

Let the equation be 

.... +/)n=0 (n even) 

/(-oo)= + ive,/(0)=/»a i.€. -ive,/(co)=+ive. 

Hence/(-oo) and /(O) are of opposite signs ; therefore at 
least one real root must lie between — oo and 0 and it is 
* -ive. Again/(0) and/(oo) are of opposite signs and hence 
at least ons real rqot must lie between O.and oo and it is +ive. 
Thus the equation must have two real roots, one +ive and 
the other — ive. 



Character and Position of the Roots. 


155 


3 . If an equation has only one change of sign^ it must have 
oM ’{•ive root and no more. 

Taking the leading coefficient to be +ive, the equation 
must have a set of-hive terms followed by a set of — ive 
terms {i.e. Hst term — ive) since there is only one change of 
sign. 

/(oo)4-ive and /(0)=:-ive i.e. /(O) and /(oo) are 
of opposite signs and as such there must lie at least one or 
an odd number of roots of the equation f{x)^0 betw^n 0 
and 00 . But as there is only one change of sign in/ (x\ the 
number of +ive roots cannot be greater than one. Hence 
the equation must have only one -j-ive root. 

4. If all the terms of an equaiion are -{-ive and the equa¬ 
tion involves no odd powers of x, then all its roots are complex. 

Clearly both f {x) and /(—^) will Jiave no change of 
signs and hence by DescarteJs Rule there will not be any 
4-ive or —ive roots. Therefore all the roots must be 
complex. 

5. If all the terms of an equation are -{-ive and all involve 
odd powers of x, then 0 is is the only real root. 

Follows from above. 

Ex. I. Apply Descarte's Rule of Signs to discuss the nature 
of the roots of the equation ^ 

x*+ 15 x^+ 7 x-ll= 0 . ^ (Pb.50) 

/(x)=*«+15*®+7a:-11=0. It has only one change 
of sign and hence it must have one -five root. 

[Deduction 3] 

y'( —x)ss=x^-|"15^*-“7x—11=0. As above it must Ijave 
one-five root i.e. /(a:)= 0 must have one negative root. 
Thus the equation fias two real roots, one -five and one 
- ive and hence the other two roots must be imaginary. 
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Ex. 2. Show that the quintic — 5^0 cannot have 

more than three real roots and prove that it must have three red 

roots. (Pb. 33 ) 

/(*)=0 has only one change of sign and hence the 
equation must have one +ive root. [Deduction 3] 

/(-^)=-ac®-a;®4-8a;- 5=50 has two changes of sign 
and as such it can have at the most two +ive roots or the 
max. number of ~ i ve roots of /(jir)=0 is two. 

Again/(O) =-ive, / (-l)=:+ive,/(-x)= -ivc. 

Since/(O) and /(-x) are of the same sign, so there 
lies either no or an even number of roots between 0 and 
— X and now/(0) and/(-1) are of opposite signs and also 
/( — I) and /(-x) too arc of opposite signs and hence 
one — ive root lies between 0 and —I and the other 
between — 1 and — x 2]. Thus we conclude that the 
equation must have three real roots and hence two 
complex. 

Ex. 3. Show that the equation —— 1=0 has 

at least six complex roots. (Pb. 31) 

f{x)=0 has four changes and hence it can at the most 
have four 4-ive roots. 

/(——a;* —X® —x‘^+i==0 has two changes and it can 
at the most have two +ive roots or f (x)=:0 can at the most 
have two — ive roots.Hence the max. number of real 
roots of f{x)=0 can be six, but there being twelve roots, 
the rain, nuhiber of complex roots must be six. 

Ex. 4. Show that the equation .x’— 5 x^+i 2 x 2 -f 5 x —4 =(? 
has at least two imaginary roots. 

Ex. 5* Prove that the equation x ®—has two pairs 
of complex roots. (Delhi Hon’s 51) 

Ex. 6. Show that the equation x*—^xd-rsaO where q and r 
are essentially positive has one negative root and that the other two 
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roots are either imaginary or both -\-ive. 

f{x)=^0 has got only two changes of sign and hence 
the number of +ive roots cannot exceed two. 

f {—x)ssi—x^-j-qx-\-r=:Q or —r=0 

and it has only one change of sign; hence by deduction (8) 
f ix)=^0 must have one -ive root. Otherwise also, by 
deduction I, the equation must have one real root whose sign 
is opposite to that of the last term and hence it should be 

— ive. ^ 

Hence wc conclude that one root of/( a:)-= 0 is essentially 

— ive and therefoie the remaining two are either both -five 
or imaginary. 

Ex. 7 . Find i!ie equation whose roots are the squares of the 
roots of the equation 10^-0 and hence find the 

nature of the roots of the given equation, 

Ans. One —ive, two comjilex. 

^ 3 . Multiple roots. 

If an equation f (xjf=^0 has exactly m roots equal to a, then 
f (x) and its first {m~ 1) derivatives all vanish for x=a.; but the 
mth and all the following derivatives do not vanish. 

Conversely— Iff(x) and its first derivatives vanish 

for x=a,, then f (x) = 0 has m roots each equal to a. 

Proof— Let f {x)—{x-^(x.y"(f> {x) .(1) 

where 4 (x) does not vanish for x — a for if it vanishes, 
tlien it will contain the factor .v —a and then / (x) will have 
more than m eciual roots. Differentiating Doth sides of (1), 
we get 

f\x)^m {x-a.r-^d> lx) 4 -^x-a)”» 0 '{x) 
or f\x)^{x - {x)-\-{x- a) <^'{x)] 

or V.(2) 

where fpi (.v) does not vanish for X5=a, because («) 

and it can be zero only if ^ (a)=sO which is contrary to the 
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supposition. From ( 2 ), we observe that a root which 
occurs exactly m times in / (x )=0 occur exactly (m— 1 ) times 
in/V)—0. Hence we have the following :— 

A mt^ple root of order m of the equation f (x)=0 is a 
multiple root of order (m^l) of the first der ived e quation 
f'{x)=^0 and hence f (x) and f'(x) have the common factor 


\ Again if we differentiate (2), we get 

=(x-ar-V2 W, 

where 02 (x) does not vanish for x = ai.. 

i,e. /Tv )=0 has exactly , (m— 2 ) equal roots a. 
Similarly we can show f" (x) will have the factor (x-a)”*"® 
and so on till (x) will have the factor (x-a) but 
/»* (x) will be free from this factor. Thus we have the 
following :— 


Any root which occurs m times in f (x)=0 occurs in degrees 
of multiplicity diminishing by unity in the first derived Junction. 

Converse—/ (x)=/ {a-f (x — a)}. 

Expanding the R. H. S. by Taylor’s theorem, we get 




, (x-«)" j. 

"t" • • • • I " / (ot). 

I • 

Now / (a)«/'(«)»= ...*=/«0 (given). 




Character and Position of the Roots 


169 


Above shows that is a factor of /(ff)=0 which 

therefore has m roots equal to a. 

Determination of Multiple Roots. 

We have seen above that multiple roots of order m, is a 
multiple root of order (m-1) of the equation /V)=0* Iti 
order to find such roots we should find the H. C. F. oif{x) 
and f\x). This H. C. F. will give the multiple root of / («) 
each repeated (m —1) times. Thus if (x-2) is the H. C. F. 
of / (x) and f'{x), then / (jc) contains (^-‘2)®, as a factor 6r 2 
is a double root of / (a:)— 0. If (jc —2)® (^ — 1)® is the H. C, F. 
of f (x) and f'ix\ then / (-v)=0 has three roots equal to 2 and 
six roots equal to 1. 

Note. Incase / (.t) and /V)have no common factor, 

then clearly / (^)=0 has no equal roots. 

* • 

Condition for two or thr^e equal roots. 

If a be a double root of f {x)—0, then /(a)=0 and 
/' (a)=50 and the required condition is obtained by elimina¬ 
ting a between /(a)=:0 and /'(a)=0. Similarly if a is a 
triple root, the required condition can be obtained by 
eliminating a between / (a)==0, /' (a)=0,/'' (a)=0. 

1 . Find the condition that the cubic 

majt^have 4wo roots equal and find its value, • Also find the condition 
thit the'cubic may have all the three roots equal. ^ 

The above cubic can be reduced to the form 
/ {z)—z^+^I-Iz+G^0 where z=^oX+ai, 
fi{z)=^6iz^+H)^0 or z^+H^O. 

The required condition is obtained by eliminating z 
between / (^)=0 and fi (^)=0, 

Multiplying /^ (^) by z and subtracting it from / (z), we 

get 2//^+G—0 or Substituting in ^*+//=30, 
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we get G2-f4/i®—0 as the required condition. Under the ^ 
condition the H. C. F. of / (z) and /i {z) is found to be 
2Hz-^G and hence the equal roots of/ (,z) are given by 
2Hz+G=0. 




-G 


I'or'j;three roots equal, eliminate z between 

/. (^:)=0 and/s (^)=0. 

■ Hut /2 (^)=0, gives ^=0 and hence from / U)==0, we 
get H=0 and from / (-e:)=0, wc get G=0. 

.y G=0, f/—0 are the required conditions. 

Bx. 2»'(a) Show that the equation a:" —ij 6 = 

^ wmave.a pair of equal roots if a^=b^~^. 

\ . (b) The equation — qx‘^'~^-\-r=0 has two equal roots if 

a’ #1 

(n — 

/ qx^-^-^ r^O .( 1 ) 

and f'(x)—nx'^~'^--q(n-‘m)x^^‘^~^=0 .(2) 

The required condition is obtained by eliminating x 
between (1) and (2). 

From (2), or («-m) .(:1) 

and from (1) with the help of (d), we get 

f 

cr -- (n-m) .(4) 

01 ^etc. from (3) and (4). 

d ) If/the equation x*~~4p^x+l=:i0 has a pair of equal 
\nd fke value of p and solve the equation completely, 

[j^ssx^-ip^x+l^O and /'(x)==4 giving 
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Eliminating x between/(x)=0 and f W=0, we get 

or 3/=l or .(1) 

Now let us find the H.C.F. of / {x) and f (x). 

X*—/>®) x 4-4/® Af-j-l (x 
X*— p^x 

or — 8/i^x-f/» or -x-f/>, V 8/>*—1 by (1) 

or X -/>) x^ - p^ (x®-f px-\-p^ 

x*-/j 


Then the H. C. F. is (x-j!>) and hence the two equal 
roots are p, />, their sum being 2/> and product p"^. Let the 
other roots be a and jS. 

Now from the given equation sum of all* the roots=0. 
a-fjS-f ^+/>=0 or a+/3—-■2/> 
and ^ ^ P /?=product of ^ll the roots —1. 

ajS = —3/)® from (1). 

P 

V 

a and (3 are the roots of the quadratic 
t^-\-Q>pt+Sp^=0 

o, ,= z^p^k=m^ .p+ip^2 

Hence the four roots are />, p, 
where x=s3“*^^*h 


Ex. j. Show that the equation 

■»* * IP v2 

i+jy+^+.+ 7j- 


cannot have equal roots. 

Hint, (ii) Here f{x)—e^ and f'{x):^ef ’; they have no 
H. C. F. which is a function of x and hence no equal roots. 
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Ex. 4 . If the equation 

has two roots equal to a, prove that a is also-a root of the equation 

^, -\-naa^0. 

Since a is a double root, it satisfies both /(•x)==0 and 
f\x)=^0 an^f-bence will satisfy nf {x) - .v /'(^)=0 etc. 

1^. A, Prove that the equation x^-\-5ax^-{-5a^x-^b^0 
hasp, paif of equal roots when b^-{~4a^=0 and that if it has one 
paif of eiual roots, it must have a second pair. 

/ ST^e required condition is obtained by eliminating x 
\ j^etwd^n /(>:)—0 and f'{x)=0. 

^ f{x)=:x^-^5ax^-\-^a^x-{-b^0 . ( 1 ) 

/'(x)=sx^-b3a>i:®-|-a2=0. ... (2) 

Eliminate x between the above two. 

Multiplying (2) by x and subtracting from ( 1 ), wc get 

’2ax^-\--ka^x^b=0 . ... (H) 

Multiplying (2) by 2a and (3) by x and subtracting, we 
get 2a^x^-bx-\-^a^=i^ .(4) 

Again multiplying (3) by a and (4) by x and subtracting, 
we get 

6A;®d-2o®x4-a6sssO .(5) 


Now multiplying (4) by b and (5) Jay 2a* and subtract¬ 
ing,.we get — (i*-f-4a®)jv=!0 or 6*4-4a®=s0 is the required 
condition, if we find the H. C. F. of /(x) and f'{x), then 
under the condition 6*-f-4a®=0 it comes out to be 

2a*x*-^»x+2a3=0 

and hence/(x) will have a factor ( 2 a*x®- 6 x-|- 2 a®)* and as 
such if/(x )==0 has a pair of equal roots it must have an¬ 
other pair. 

Ex. fi. (a) Prove that if the coefficients of a given equation are all 
* integers, an integral root is an exact divisor of the absolute term. 
Let the equation be 
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wh'.re all the fl’s are integers. If a be an integral root oi 
above equation then 

or a(aoOt""^+%««-* +. . + fln-i) — ~ 

or .... H-a„_i)==an integer 

X 

Hence -^”=an integer. Therefore the integral root ot 

X 

divides a„ exactly. 

(b) FinA the virtues of a, for which the equation 
flJc®—-f 12x — 5=0 

ha\equayroots ana solve the equation completely tn one case. 

' /(x)—(zx® —9x*+12x-.5=0 ... ... ( 1 ) 

/'(x)=3(ax®-6A:d-4)=0 or flx®-6x-|-4=0 ... ( 2 ) 

Multiplying (2) by x and subtracting fro.m (1), we get 

ax2-.8x+.5=0 .(3) 

Solving (2) and ( 8 ) by the method of cross-multiplication, 

x^ __ X* ___ 1 

“30-g2” 12 ^5^“ 

Eliminating x, we get 

(l2-5a)®=2(iR-8a) or 25^2-104^2+108=0 
or. («-2)(25a~54)=0, «=2 or ff 

Putting fl= 2 , we get 

/(x)=2x®-9x24-12x — 5=0 
/'(x)=x2-3x-h‘2 —0 or^ fx-l)(x- 2)=0 
whose roots are 1 and 2. Either can be a double root of the 
given equation fix)^0. Since (2) does not divide die absolute 
term of the given equation, as such it cannot be its root. 
Hence (1) is a double root of the given equation correspon d- 
ing to value ^^bf a'i 

Ejs. If x^+5px^-{-5qx^-\-r^0»has two equal/oots, 

prone thap4ith^of then^ is a root of the quadratic 
\/ 3qx^ ^6p^x — 4pq-\-r=^0. * 
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(b) Prove tJi&t the / condition for the equation 
4-6^4 -to havejthree equal roots is 
y flM/— c®= 0 . 

Eliminate x'^tween/(x)=s0,f^(x)^0 and/2(x)=0. 

The last of these gives x=sO which when substituted in 
f{x)=sQ gives the required cory^ition. 

Ex. 8. If the equation . }^’\‘ax^-\-bx^-\-cx-\-dssO has three 

equal roots^ show thdtseachf^ftkem is 

In the process of finding H. C. F. of / (x) and f\x), the 
1 st quotient is x-\-a and the quadratic remaiiider is 
F(x)={Sb~-‘Sa^) x^-{-2 (Qc—ab) x-\-{iijd-~ac). If the equation 
is to have three equal roots, then the H. C. F. should be 
perfect square of a linear expression in x. Hence P\x) 
should be the H. C. F. and must have equal root?, the 
condition for which is 


4 (6c- ab)^=m!i - - ac). 

Multiplying F(;v) by 86 —3a®, it becomes, with the help 

of the above condition, 

[(86 - 3a®) X (6c - fl6)]® 

and hence the equal root is given by 

r*/ \ • 6c—a6 

F(*)=0 or gj. 


Ex. 9 * Find the multiple roots of the following equations :— 
(i) x*-i-3x^‘-7x^-‘l5x+18^0. Ans. -3. 

(ii) Af^4‘2jc®— 2a:®4*^— Ans. ±i. 
Find the H. C. F. affix) andf'(x). 

Ex. io« Solve the equations 

(i) x*^8x^-F24x^^32x+16==0, 

(it) xP^6x*-4x^^9x^-F12x+ 4=^0, 
being given that they have equal roots, 

(i) All the roots equal to 2. 
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(ii) 2 roots equal to 2 and 4 roots equal to — 1. 

£IXi II* Find the conditions that a biquadratic 

f (x)^aQX*-\-4aiX^-\-6aiX^-\-4asX-\-ai^0 

may have three roots equal and show that in this case it can be 
expressed in the form 

The given equation am be reduced to the form 

3/-/®==0 where 4:==«o^+fli» 

Fi(^)=:^34.3//^q.G=0. 

Now* if F(^)—0 has three equal roots then Fj(^)=0 will 
have two equal roots, the condition for which is 

G24-4//3=0 [by Kx. I P. 159].(1) 

Now finding the H. C. F. of F(^) and Fi{z), we get 
the first quotient as z and the quadratic remainder is 
«/) (^)—8/7^^+8G^4-«o*/-3/i^-=0. If F(^) is t© have three 
equal roots then the quadratic should be the H. C. F. and 
it should be a perfect square, the condition for which is 

9G2-12/7 {ao^I-dH'^=0 

or 9 (^2+4773)- or - VlHa^^I^^ from (1). 

/. 7=0 because H cannot be zero as in that case <h{z) 

is reduced to linear. 

‘Also «o^(/7/-V*^)=GH4/73=0; J=0. 

7=0 and J=0 are the required conditions and the 
condition G^+4/7®=0 is included in them. With the help 
of this condition, we get the H. C. F. • 

<AU)--377^H^G2-377*=0 [V 7=0] 
or 772^H <^77^-778=0. Put G®- -477* * 


G* / G\* 

77V_j.g//^_^! 1^0 or J =0* 

Hence each of the triple roots is , 


-G- _ V(-4//») . „ 
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If the fourth root be «, then sum of the roots is 

a-3V(-H)=0, /. ot=3V(-H). 

Hence F H)f [2-3V(- ^)] 

or «o®/W=[^^o^+«i+[floX+fli-3V(-H)]. 

•iv 

Ex. 12 . Find the conations which must be satisfied when the 
biquadratic of the Vast e^mple be a perfect square and prove that 
in that case af^f'ii)^{(^x+af^-{-3H}\ (Pb. 6 o, Agra 39 ) 

In case <!> (-?:) of last example should be a 

quadratic (h^J,^ot perfect square). 

' .-. 3H?^3G^+W/-3H2)=0 should be the H.C.E. 


or 

and hence 


H 


3H 




Comparing the coefficients of like powers of z^ we get 

•. G=0 


”>• 0/7 

'--=0 


and 


=6//. Put G=0. 


3H 

or a„’‘I=mP. 

Under these conditions -the H. C. F. is reduced to 
{z^-\-'dH) and hence 

F Put z=a(iX-\-ai 

or c flo®/ («)=[(«o^+ai)®+3H]2. 

Note—Sec also 3 P. 134 . 

__ Qr 

Ex. 13 . Show that a(x-\-b=^jj^j-^j or 

according as a^s /double or triple root of the biquadratic of the last 
example. \j • (Agra 42 ) 
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The 2nd part is done in Ex. 11. For the first part 
find the H. C. F. of F (^) and F' (^) and if the biquadratic 
has two equal roots, the H. C. F. should be linear and it 
comes out to be (2f//-3aJ) G/=0 giving the value of 

Z and hence of x etc. Relation 4H®==flo^ (KZ-Aq./) will 
be used. 

Ex. 14. If a, /8, y, 8... be the roots of J (x)=0 and 
•• of I* prove that 

'rhr w)f'(y).f' . 

tfid that iach is equal to the absolute term in the equation whose 
roQtf are the squares of the difference of the roots of f (x)=0. 

(Agra 51) 

Let/ {x)=0 be an equation of nth degree so that 

f {x)^{x - a) (x - |S) (x — y).. .n factors.(1) 

or say ^ ^ ^ ^ 

then /' (^)— nx'^~^ -{-{n-f) 4 .... 

But we are given that the roots of 

f' (x)=0 are a', y'... 
f* ix)-^K (x —a') (x-i8') (x-y').. .(n —1) factors. 
Comparing the coefficients of in the two expres¬ 
sions for ff (x), we find that K=n. 

f' (x)=n (x-a') (x-j8') (x-y'). .•.(«-!) factors .. .(2) 
Putting in (2) the n quantities a, p, y, successively for x, 
we get 

/' (a)==n(a—a') (a—j8') (a-y')* ..(«-*!) factors, 
f' ()8)=» 03-a') OS-jS') (jS-y').. .(«-l) factors 


n such equations as oe, jS, y... are n in number. Multi¬ 
plying the above vertically, 
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/' (a) /' (^) /' (y). n factors 


^(a — a') (jS -- a^) (y — aO.” f actors”' 

(a - /8') (jS - jS') (y - jSO. n factors 

(a-y') y") (y — y'). n factors 

. y . (3) 


(n —1) such factors as a', j8', y' are 
^(n — 1) in number. 


Again putting the (« —1) quantities a', /S', y'.respec¬ 

tively for X in (1), we get 


/(a')==(-l)« (a-a') (/3-a') (y-ot'). 
/ 08')- (-1)« (a - - /8') (y - i8'). 

(a-y')08-yO (y-/). 


. n factors"' 

.n factors 
.« factors .. .(4) 


(n — 1) such equations. 


j 


Hence from (3) and (4), we get 

/. / (a') / {^') f (y')(n -1) factors 

={/' («) f 08)/' (t)- • • •« factors}. 


Now n (k — 1) being the product of two consecutive 
numbers must be even and as such (—1)**^’*“^^—1. 

/. n"/(a')/(/9')/(y'). 

(a)/' (^/' (y). 

Now we have to prove that 

(«)/^ (i8) J* {y) .—absolute term in the equation 

whose roots are the squares of the difference of the roots 
of the equation /(x)=aO. 

/(x)-(Af-a)(*-/3) (x-y). 

log/(x)-log (x-a)-|-log (*-^)4-log (x-y). 

Differentiating 
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/w 

(^ —ot) 


-f 


i( 5 )_ , J{x\ 

{X^]ir{X-y) 


=(J-/3) (^ -7)* -1(^-*) (■« -7)... • 

4" («v — a) (a*—/?)..,, 4” • • • • 

Putliiig A”~a, /?, Y__ we get 

/' (a)=(a-^) (a-y) (a-S)- 

/^0Q)=(/3-a)(^-y) (^-5)..., 

/' (y) =(7 - a) (y - (y - <5)- 

A /'(oc)/'(^)/'(y).... 

_ (- 1 )«(«-! ,/2 

= [)io:luct ol all tlie roots of the wjuationof 

j u are d d i ffe re nee 

^absolute term (turmorioally) of tl.e tMjiialion 
of squared differeisce. Hence proved 


Ex. 15 - If «, jS, y, S be ike rooli of f(x)=Oj piove ihat 
r(«.)+rm+r{y)^f'm can «? cup reused as the product of 
three factors^ J 

f 

Just :is {n lest example, •2i«l part, 

\. /'(, 4 V'<«+/'W+/'(«) 

/w*-/?) («-y) (a-8)+(^-«) (/3-y) 03-S) 

\ / •’ +lv - *) ('/ - /8) (y - 8)+(8 - a) (5 - /3) (S - y) 

= (tL-P) {(a“-ya-8a-i-y8)-(^®-y^-8/3-1-yS)} 

+(y - 8) {(y* - «y - ^y -f *|8) - (8‘ - a8 - ^6 -L a/3)> 

=t*-|3) (y+8)} 

+(y-S){{y“-8=)-(y-8)(«+^)} 

=(a - (8)» - y - 8) - (y - 8)^*-!-^ - y - 8) 

«(a-f;3-y-8){(«-/3)^-(y-8)=J . 

y-j) («-/3-y-l-S)(a-^-J-y -8) 

= (*-l-^-y-8) («-)-y-^-S) («-f8-^-y) 
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Maximum and Minimum Values of f (x)« 

We know from the definition of Max. and Min. that 
as X varies in the interval {x-h, x+ft), where h is small, then 
/(x) is greater than both /(x—/i) and/(x-f/i) if/(x) be max. 
i.e.f (x-h)—/ (x) and / (x-f-A)—/(x) are of the same sign i.e, 
— ive. Similarly if / (x) is Min., then / (x) is less than both 
/(x- A) and/(x+A) i.e. f (x-A)-/(x) and /(x+A)-/(x) are of 
the same sign i.e. +ive. 

” Now by Taylor’s Theorem, 

/(x+A)-/(x) ^ 

=V'(*)+|’/'(*)+|’/'"W+|-'/'V)+. j 

f(x~h)-f(x)' (1) 

=- V'w+ 2 -(/'w- 3 ''’ /';w+4‘5/"w- • • • • i 

Now when A is made sufficiently small the sipn of the 
right hand side of each equation in (1) and therefore of the 
left hand side is ultimately dcpertdent upon that of hf\x), 
that being the term of lowest degree in A. But both 
/(x+A)-/(x) and /(x-A)—/(x) are of opposite sign as seen 
from (1) whereas they should have the same signs if / (x) is 
either Max. or Min. It is therefore necessary that / (x) 
should vanish so that the lowest term of the right hand side 
of equation in (1) should depend upon an even power of A. 

Hence f'(x)~0 is the essential condition for the 
occurrence of Max. and Min. valuers of f (x). 

Let the roots of /"(x)=0 be c. A, c etc. 

Consider one of the roots of the' above equation say A; 
then putting x=A and/'(x)=0 at x=A in (1), we get 
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j(b+h)-f(b)=^j\h) 

Now if /"'(^) is -ive, then clearly f {h-{-h) and/(^-/f) 
are both less than J{b) so that / (x) is Max. at In 

case /^(6) is +ive, then both f {b-\-h) and/(^-/z) are greater 
than/(6), showing tliat/ (^) is Min. at x^b. 

Geometrical Significance. 

\Vc know that if jv—/ {x) be the e(]nation of a curve, 
dy 

then f\x) i.e. represents the*slope of the tangent at any 

point on the curve, we have seen above if / (x) be Max. or 
Min. at any iX)int, then /'(r)=0 for that point which means 
that at every point, where / (x) is Max. or Min., the tangent 
to the curve(x) is parallel to x-axis. 

Note —In case/'f^)—0, then /""(^) must also be zero 
if the function is Max. or "Min.; and if f”"{b) is — ive, / (x) 
will be Max.; and if J‘”\b) is +ive, then/(x) will be Min, at 

Working Rule. 

r 

Differentiate the given function /(x) and solve /‘'(a;)!= 0. 
The function will be Max. for those values of x which make 
+ivc. 

(b) Show that Ihe Max, and Min* values of the 
biquadratic ax*-\-4bx^-\-6cx^-^4dx-j-e are the roots of the equation 
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a^k^-3 (aV-9m)k^-^3 (al^^ 28HJ) k-where A is the 
discriminant of the quartic. (Agra 38, 41) 

We know from P. 132, that the discriminant 4 of the 
quartic is where I==ae^Abd-\-^c^ 

and J=ace-\-2bcd~“ad^-^b^e — c^. 

Let / {x)—ax*-{-4:bx^-\-&cx^+-idx‘^e. 

Now if the curve y=^f {x) be moved parallel to the axis 
of X through a distance k, where k is the Max. or Miii. 
value of/(x), then ^r-ax'S will become a tangent i.r. the 
two values of x will coincide. Now by moving the curve 
parallel to :r-axis through a distance k, y becomes y-~k. 
Then the equation/(x) — ^=0 will have two root? equal, 
the condition for which is that its discriminant should 
be zero. 

/ (.v) — k^ax*-\-4bx^-^Gcx^-{-4tdx-^{e — k)=0. 

Its discriminant is — where in the usual values 
of I and J we have to put e equal to e^k in order to get 

r nnd 

/. r=a 

J '=rtf (f - k) -f ^Ibcd — ad^ — b^ (e-^k) — e~ 

—- {ack — b%)^J — kkL 
V II^oc--b\ 

/. r2-27.7^=0give3 

^r-ak)^--21 (J^kfIf 

t ■" 

Cancelling minus sign and putting wc get 

The above equation gives the value of k. 

Ex» a. Show that the imx. and min. values of the cubic 
ax^-\-3bx^^3cX'4r4 are the roots of the equation ^2Gp-\’A^(I 
where J is the discriminant. 

Discriminant of a cubic is 


[§ 13 P. 79] 
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Rollers Theorem. Between two consecutive real roots 
of the equation f(x) — 0 there lies at least one real root of the 
equation f'(x)=0. 

Now a and b are consecutive roots of /(jc)==0 and as x 
varies from a to b, f(x) varies continuously from/(a) to 
f{b). It will therefore vary either by increasing^ first and 
then decreasing or by decreasing first and llien increasing. 
It must therefore pass through at least one (in general odd) 
Max. or Min. values during its variation from/(a) to/(6) 
and let a be the value of x between a and where/(^) is 
either Max. or Min. and from the definition of Max. or Min. 
/\.\:)=s:0 at {x—!x). Thus a number a lying between a and b 
is a root of the equation /'(x)=0. 

Analytical Proof of Rollers Theorem. , 

Let US suppose tliat the consecutive roots a and b arc 
multiple roots of order tn and n respectively and the 
product of the factors corresponding to the other roots of 
f (.\-)=-0 be denoted by </> (x). 

/ ('’f )=- ay^ {x - b)” ^ (x) .(1) 

f\x) ~ tn{x — a)”*~\x — by*4>{x) + n{x — 

or f'(x )=(x - - bf~^[m{x - b)4>{x) + n{x — a)(/>(.v) 

r>r f'{x)={x^ay”-](x-by*-mx) .(2) 

\s 11C rc fff{x) - m{x - b)<fi{x) -f n{x — a)>f'{x) 4- {x - * a){x — bi<ft\x) . .. (3) 

— b)<f){a), 
tlf{b)=:^n{b-a)i>{b). 

I Kit 0 (n) and 0(^) are of the same sign for if they are 
of opposite signs tl^en a root of 0 (x)=0 and hence of 
f (x)=0 will lie between a and b [§ 2] which will contradict 
tliC supposition that a and b are consecutive roots of 
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f {x)=iO. Hence ^ (a) and ^ {b) are clearly of opposite signs 
and as such there lies at least one (in general odd) number 
of roots * of the equation t/t {x)—0 and hence of /7x)=0 
[from (3)] between a and b. Thus the theorem is proved. 

Deduction —To prove that between the two consecutive roots 
of the equation f'(x)=0 there lies at the most one real root of the 
equation f (x)=^0 or there may not lie any. 

Let Xj and Afg be the two consecutive roots of the 
equation /'(a:)— 0 lying between the intervals (a, (3) and 
(/?,'y) where a. y are three consecutive roots of the 
equation f (ai:)=0. [Rolle’s Theorem] 

Hence a < Af^ < /? < Xg < y. This relation shows that j8, 
a root of f{x)=0, lies between x^ and ACg, the consecutive 
roots of /'(Af)=rsO. 

To prove that there cannot lie more than one root. 

If possible, let us^suppose that there are two roots p 
and P' of the equation/(Ar)*0 which lie between and Xg, 
the consecutive roots of /'(x)=0, so that Xi < p <P' < Xg ; 
then P and P' being consecutive roots of /{x)=0 must have 
between them a root of the equation/(xWO [Rolle s 

Theorem] which is contrary to the supposition that x^ nnd 

xg are consecutive roots of /(x)=0. Hence there cannot 
lie more than one root of/(x)=0 between two consecutive 
roots of the equation /'(ac)—0 . In this case/fxj) and/fxg) 
should be of opposite signs and if they are of the same sign 
then no root of/(x)=0 will lie between and Xg. 

Ex. I. (a) The equation x*-i5x*+75x2- J45x+84=:^0 
has its roots 1, 3, 4, 7, Locate the roots of the equation 

4x^-45x^+150x--145=0. 

I 

If y (x)=x* — 15x®-l-76x* — 145X-1-B4—0, 
then /V)==4 x 3 « 45;ca+l50x 1145=^0 

Now the roots of f{x)=0 arc 1, 3, 4, 7 arranged in 
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order and by Kolle’s Theorem we know that between two 
consecutive roots of the equation/(x)=0 there lies at least 
one real root of the equation/'(x)=0. Hence there will 
be a root each oi f\x)=0 between 1, 3 ; 8,4 ; and 4, 7. 


§ 6. limits of the roots of an equation. 

Definitions. 

Superior or upper limit of positive roots :— 

A number which is {greater than all the positive roots of a 
^iven equation is called an upper or superior limit of the 
positive roots of tliat equation. 

Inferior or lower limit of positive roots A 

number which is less than all the +ive roots of a given 
cniuation is callixl the inferior or lower limit of the positive 
roots of that C(juation, 

(c) Superior or upper limit of negative roots-: —A 

number which is greater than all the negative roots of a 
given equation is called an upper or supperior limit of the 
negative roots of that equation. In other words, superior 
limit of negative roots of a given equation is that negative 
number below which (numerically) lie all the — ive roots. 


(d) Inferior or lower limit of negative roots : --A 

number which is less than all the negative roots of a 
given equation is called the inferio? or lower limit of 
negative roots of that equation., In otlu r w’ords, inferior 
limit of the ~ ive roots of a given t qnation is that 
negative number above which (numerically) lie all the —ive 
roots. 


Combining the above definitions we^can say that the 
superior limit of the real' roots of a given equation is that 
number which is greater than all the real roots of that 
equation and the inferior limit of the real roots is that 
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number which is less than all the real roots of that equation. 
Thus superior limit of 4-ive roots is the superior limit of 
the real roots and the inferior limit of the — ive roots is the 
inferior limit of the real roots of a given equation. 

Lower limits deduced from upper limits. 

(i) If k is the upper limit of the +ive roots of the 
equation/( —.'v)=0, then evidently is the lower limit to 
the real roots of/because -ive roots of/(^)=0 arc 
4-ive roots of /(—Jf)=0. 


(ii) Similarly if k is the upper limit of 4-ivc roots of 



then 


is the lower limit of the 4-ive roots of 
k 


f W-0. 


(iii) Limits of — ive roots deduced from the limits 
of 4 'lve roots. ' 

We know that —ive roots of /(x)=0 are 4-ive roots of 
y(—;c)=0. Then if h and k are the upper and lower 
limits of the 4-ive roots of f{-x)=^0, then -h, -k aie 
the lower and upper limits respectively of the — ive roots 
of / (Jf)—0. 

§ 7 . Methods of finding the upper limit of H-ive 
roots. 

(a) T7^« upper limit of +ive roots of f (^)~0 in which the 

coefficient vf leading term is unity is equal to the numerically greatest 
coefficient increased by one. 

w Divide the numerical value of each negative 
coefficient by the sum of all the 4-ive coefficients which 
precede that particular — ive coefficient; then the greatest of 
the fractions thus obtained and increased by unity gives 
the upper limit of the 4-ive roots of/(Af)=0. 
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This method will give us a closer limit than the former. 


(c) Newton’s Method —If A is a number which makes 
fix) and all its derivatives +ive, then h is an upper limit of 
the +ive roots of / (^)=0 which is also the upper limit of 
real roots of/( a:)=0 . 



Express the equation / (x)—0 in the form 


wliere {x) is the sum of all the terms w’hich precede the 
first — ive term, —is the sum of all the — ivcterims, 
and 03 (x) is the sum of all other +ive terms. Now if h be 
the least -1-ive number vvliich makes W +ive, then 

h is called the er limit of -f-ive roots of /(x)=0. 


(e) If the first negative coefficient occurs in (r4-l)th 
term and K is the numerical value of the greatest negative 
coefficient, then is tlie s^uperior limit of +ive roots. 
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STURM’S THEOREM 

§ 1 . Sturm’s method of finding the exact number 
of real roots of an equation. 

We have seen that by Descartc’s rule of signs we can¬ 
not get the exact number of real roots of a given equation 
/(x)=0. There are other theorems given by Budan, 
Newton and Fourier, but they too do not exactly give the 
number of real roots of a given equation. But Sturm’s 
Theorem as will be discussed below gives us the exact 
number of real roots of a given equation. 

§ 2 . Sturm’s functionW. (Agra 33 , 49 ) 

Let /(x) be any function of x of degree n and f\x) be 
first derivative. Divide/(x) by f\x) and let the remainder 
with sign changed be denoted by fz{x). 

Again divide f\x) by /gfx) and let the remainder with 
sign changed be denoted by/sfx). 

Continue the process till you get the last remainder 

whose sign is also to be changed. 

I 

The above process is the same as that of finding the 
H. C. F. of/(x) and f\x) with the modification that the 
sign of each remainder is to be changed before it be¬ 
comes the divisor^. Also we know that in the process 
of finding the H. C. F. we can multi][)ly and divide any 
remainder by any Constant before using it as a divisor, 
but here in the above process we can only multiply or 
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divide the remainder only by a positive constant before 
using it as a divisor or by a polynomial of x which is 
always -five for real values of x say of the type ^*-f 1 or 
etc. 

Tlic series of functions 

/(4 f\x), fz{x), f^(x) . fj^x) 

consisting of the given function, its derivative and 

remainders with their sign changed in the process of 
bnding the H. C. F. of f{x) and nre called Sturm’s 


functions. (Agra* 57) 

The functions fzix), fz{x) . -fri^) are called 

auxiliary functions. 


/(.¥)=0 having equal roots. 

In rase f{x)=0 has equal roots, then *we know that 
f{x) and f{x) will have a H. C. F. and hence the last of 
the Sturms remainder will be a,function of x. 

f(x)=0 having no equal roots. 

In this case evidently the last of the Sturmian’s 
remainder will be numerical for if it is some function of x^ 
then it would mean that f{x) has got equal roots. In 

this case there will be (n+1) Sturm’s functions 

/W, fXx), Mx), f^ix) . f^{x). 

§ 3. Sturm’s Theorem. All roots mi^^ual. iffM 
wa pflynomial and a and b he any two real numbers, then the number 

^istinct real raots of the equation f(x)^0 lying between 
.(a find b is exactly equal to the difference between the 

immher of changes of signs when x is put equal to a and 

the number when x is pat equal to h in the («-f Sturm's functions 

/W, f{x) f^(x), f^(x) . fn(x)^ consisting of* the 

given function^ its derivative and the remainders 

with their sign changed in the process of finding (he H. C. F, 







180 


Theory of Equations 


of JM andf'{x). 

% 

(Agra 34,44,47,50,5a 54 5 Delhi Ron’s. 48 51,54) 

From the definition of Sturm’s functions we can 
establish the following relations between them :— 

=q^J^{x) — f^{x) 


fr~l{x) = qrfr{x) -/ h - i (^) 
fn-i{x)=^qn-lfn-~l{x) '“frSf) 

Proof: From relations (A) we make the following 
observations :. 

1. As /(a:)= 0 has no equal roots, hence f{x) and 
f\x) have no common fact<2rs and consequently /„(^) the 
last Sturmian function is numerical having a definite 
sign -f or — • 

2. No two consecutive aux ilialy functions vanish for 
the same value of x. If possible, suppose that w’hen x = x, 
both Jzix) and J^ix) vanish, w'hich shows that f\x) contains 
the factor x-a and from the first of the relations (A) we 
find that (A‘-a) is also a factor of f{x). Thus (x —a) is the 
H. C. F. of f{x) and '/'( a :) showing the existence of equal 
roots which is contrary to the hypothesis. 

3. If any of the auxiliary functions vanishes, then the 

tw o adjacent functions i. e. one which precedes it and the 
one which follow^s it must have opposite signs. For 
suppose that fs{x)^0 when Af=a ; then from relation (A), 
fi{x)=^~-f^{x) for showing that f^x) and f^{x) have 

opposite signs for x= a. 
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4. The same reasoning applies if any of the ^f’s 
vanishes. Since all the functions are polynomials in x, 
no one can change sign as x increases continuously itOlU 
a to If, when x assumes a value which causes tliat function 
to vanish. 

5. Now we shall show that when x in passing from 

a to takes a value « such that /r(oc)=0, then no change 
of sign is gained or lost. Now since /r(a)=0, we have 
from (;^>), /r_i(a) and /r+i(a) must be of opposite signs. 
Nov; as f,(x) passes through zero, it changes its sign 
either from -p to — or from — to -f. /r+i (x) are 

continuous at A'=a so that each of them has an invariable 
sign near A=a. Thus the three functions f^^iix), fj.{x) 
and /f+i(A) will have only one change of sign just before 
x=<x. rind just after x=a i. e. their signs can be either 

Thus we hnd that whatever sign we may place bet¬ 
ween two unlike signs, we have only one change of sign. 
Hence no change of sign is either lost or gained among 
Sturm’s functions. 

In case the value of x i. e. a be such that it causes 
more than one of the functions to vanish, then they can¬ 
not be consecutive, for in that case^ by (‘2), the equation 
f (a:)=0 will have equal roots. 

• 

b. Now we shall show that when x in passing from a 
to b takes a value a which causes / (x) to vanish i. e, a be 
a root of / (a)= 0, then a change of sign is lost. Now by 
Taylor’s Theorem, 

/(«-A)=0-A/'(a)+^/V)... 


/(a)=0. 



182 


Theory of Equations 


A2 

/(«+A)=0+A/'(«)+.",-/'(a)... , V /(a)=0. 

« A 1 

Now let h be sufficiently small so that the sign of the 
L.H.S. is made to depend on the first term of R.H.S. 

Therefore if /' (a) be -five, then/(a —A) is—iveand 
/(a+A)is+ive i.e. in this case the signs of/(x) and/'(.v) 
will be —h just before x=aL and -f + just after a; —a. 
Thus one change of sign is lost. Again if /' (a) be - ive, 
then/(a —A) is +ive and /(ad-A) is —ive i.e. in this case 

the signs of / (jc) and/'(;f) will be d-just before 

and-just after x—cl Here also one change of sign is lost. 

Thus we conclude that when x passes through a root a of the 
equation/ ( a :) =0 one change of sign is lost whether/'(a) 
1)6 d-ive or ^rive. Hence the number of variations lost 
as X goes from a real value a to a real value b is exactly 
equal to the number of real roots of the equation/ ( a :)=0 
between a and b. 

I^^Gase* Equal roots —If / (xj —be an equation having 
eqthd ^ots and the Sturms functions be jound asf, f\fi.. .fj. 
the last of these being the H.C.F. of f (x) and f'(x}, then the 
difference between the number oj changes of signs when a and b are 
substituted in the Sturm’s function is equal to the number of real 
roots of the equation f (x)~0 which lie between a and b, each 
multiple root being counted once only. 

Let /(x)=:(ac— a)p {x-^^ {x-y) (x-B) .; then clearly 

/ (;r) and/' (x) will have an H.C.F. {x-^}^-^ which 

may be denoted by H. 

ft 

This H.C.I'. will be a factor of al|,the Sturm's functions 
ff'Jiy /a • • -/r-' Again let ^ {x) stand for 
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(x-a)(«-.0)(A;-y)(:v-8)... , 

then clearly f{x)=H.^ {x\ J' {x)=Hix),/^ {x)r=Htl /2 {x )... 
For any value of x^ the number of changes of sign in the 
sequence of /’s is tlie same as that in the sequence of ip's. 

Now (x)=() has all its roots unequal and all its roots 
are the same as those of / (a:)= 0 only with the change 
that the multiple roots of / (Ar)=0 occur in tp {x)=Q only 
once. 

w 

Now applying the reasoning of 1st case on tp (jc)—0 
\\e3 can say that difference between the number of changes 
of signs when x is put equal to a and b in the sequence of 
Ip's (hence of f’s) represents exactly the number of real 
roots of the e(]uation tp (x)=0 lying between a and b or 
the number of real roots of /(x)=0 that lie betw^een a and b 
but each multiple root being courted only once. 

Certain labour saving devices. 

1. When /(x)=0 has no repeated root i.e. the last 
Sturmian function be numerical, and we are concerned 
only Vkith its sign, in order to get its sign we put 
/n--i (^)=0 and find the value of x ; then we know that for 
this value of x, /„_2 (x) and /* (x) must have the opposite 
signs. Thus if the value of x obtaiifed from/„_i (x)=0 
makes /«-a (x) +ive, then /„ (x) is-»-ive and if it make |/„_2 W 
— ive, then(x) is +ive. This device saves us the labour 
of actually calculating the value of /«(x) (which is 
numerical). 

2. If any of the Sturmian functions ^y /2 {x) has all 
its roots imaginary, we# may stop further calculation and 

we should use /,/',/!, A.‘/n functions only for 

Sturm’s Theorem, because in this theorem the last of She 
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functions should be of invariable sign for all real values 
of ^ and we know from the properties of equations that if' 
/ (jf)—0 has all its roots imaginary, then /(.“«) is always +ive 
for all real values of x. The quadratic ax^-^-bx+c^O has its 
roots imaginary if b^—iac < 0. 

Similarly the calculation of Sturmian functions will 
stop at the stage when any of them becomes a perfect 
square for it too will have an invariable sign for all real 
vulues of X. 

8. In case any of the Sturmian functions fr{x) vanishes 
for x=a, then for counting the number of changes of sign in 
the sequence 

‘ /(a),/V),/i(a), / 2 (a)..., 

we may regard the sign of /^(a) either -|-ive or —ive because 

the function that precedes it and the one which follows it 
have opposite signs. 

Working Rule. 

1. Find the Sturm’s functions as explained. 

2. The last Sturm’s function will be numerical in case 
f (a;)s=0 has no equal roots otherwise it will be some function 
of X. 

3. The calculation of Sturm’s functions should stop at 
the stage when any of them is either a perfect square or 
has all its roots imaginary. 

4. Make a table as explained below :— 

(i) In the first column write down’ 

In the first row write down x ^md the various values, 
that you tnay give to x. 
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(ii) In the various other columns write down the signs 
of the Sturm’s functions corresponding to the value of x 
written at the top of that column. 

(iii) At the bottom of each column write down the 
number of changes of signs in that particular column. 

(iv) If we are to find only the number of real roots, we 
putx=Qo, and ~oo and find out the difference of the 
changes of signs corresponding to these two values. 

(v) If we want to find out the+ive and—ive roots, 
we put ^= 00 , 0 and - x> and proceeding as above, we get 
the number of -five roots which will lie between 0 and ao 
and —ive roots which lie between 0 and — X'. 

(vi) If we want to find the interval in which the roots 

lie, then for -five roots we pul x—1, 2 , 8, ... and for —ive 
roots we put - 1 , - 2 , -3, . . 

(viii) If corresponding to the two values of x say 2 
and 8 the changes of sign in the Sturm’s function be 
same i.e, their difference be zero, then no root will lie 
between 2 and 3. 

Ex. 1. Find the number and position of the real roots of the 
equation jc® - 2x^-{-3x — 4=^0. (Delhi Hon’s 52 ) 

f (ac)s=ac®-2;c®4-3^“4. 

/V)=-6;r®-4x^3. 

Multiplying/( a;) by 6 , and then dividing hy f\x\ 

t3;c®-4x-f 3) 6 x®-12x2+18a;-24 {x 

0 x®-4x^-f 3x _ 

-iix^+lbx -24. 

Chai ging the sign <^f this remainder, we get 
/2(;v)«8x2-15x-f24. 

Now since b^-Aac i,e. (15)®-4.8.24 is -ive, we con- 
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elude that the roots of the Sturm’s functions /2(^)=0 are 
imaginary and hence we stop further calculations. 


X 

— 00 

0 

00 

1 

2 

-1 

-2 

/(*) 

+ 

B 

+ 

— 

+ 

— 

t 

j 

/'W 

• 

B 

+ 

+ 

+ 



— 

/>,(*) 

+ 1 

+ 

+ 

+ 

+ 

+ 

+ 

No. of changes 

t 

of signs 

2 

1 

1 

d 

1 

1 

0 

1 

2 


From the above table by Sturm’s theorem we have the 
following regarding the nature of the roots :— 

1. There are only two real roots (from columns 2 
and 4). 

2. One of them is H-ive (from columns 3 and 4) which 
lies between 1 and 2 (from columns 5 and 6). 

3. One of them is -ive (from columns 2 and 3) which 
lies between -1 an^ — 2 (from columns 7 and 8). 

4. The equation beipg of sixth degree has only two 
real roots, therefore remaining four roots are imaginary. 

F.»g- 2. Find the number of distinct real roots of the equation 
and locate them. 

(Delhi Hon’s 489 519 54) 

(x* -1) or (x® -1) on dividing by 3, 
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fz{x)^2x-l [after changing sign of the remainder]. 
/3(^)=3 [after changing the sign] 


X 

— 00 

0 

00 

1 

2 

-1 


fix) 

— 

* + 

+ 

1 

1 

+ 

+ 

— 

fix) 

+ 

— 

+ 

+ 

or - 

any 

+ 


or - 

any 

+ 

• 

! 

Aix) 

— 


+ 


+ 

+ 


— 


Mx) 

1 

H- 

+ 

4* 


+ 

1 


■4* 

+ 

■ "No. of" 
changes of 
sitrns 

3 

2 

0 

1 . 

0 

• 

2 

3 


As in example 1 the above table shows that the given 
equation has all its roots real and distinct out of which one 
is -ive and the other two +ive. The — ive root lies in the 
interval (-2,-1) and one of the +ive roots lies in the 
interval (1, 2) and the other in the interval (0, 1). 

Ex. 3. (a) Discuss the nature and position of the roots of 

the equation x*— J2x®-l-i2x — 3=(? by means of Sturmian ffinctions, 

(Agra 46) 

/(;c)=x^-12x2+12x-3, 

y'(Af)=4(x®-6x-}-3) or x^-Gx+S on dividing by 4. 

x» - 6 x+3)x*^2x'2+12x-3(x 
x*— 6 x®42 3x 
6x*+‘ 9x :^ 

changing the sign and dividing by 3. 
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ft (*)=9-^^-3x4-l)A:®-6Af+3(x-f 3 

2 

2x^-^Sx^+x 

3x*-13:v+0 

2 _ 

ex’®-20^4-12 
G.y ^-9A; +3 

-17^+9 changing the sign. 

/a W=17:v-9. 

Now/ 4 (x) will be numerical and we are concerned 
only with its sign, (Jf )=0 gives ^f=9/17 i.e. slightly > ^ 
say h-^K where K is small. This value of x when substitut¬ 
ed in fz {x) makes it 

,2 (^+/r)2-.3 (i^.K')+l=2Jr2-A" 


i.e, -ive for small values of K and hence /4 (^) is 4 -ive 
and numerical. It may be verified by actual calculation 
that /4 (iv)= 8 . ^ 


» X 

— 00 

0 

CO 

1 

2 

3 

1 

1 

-1 

-2 

1 

-3 

-4 

/M 

+ 

— 

+ 

- 

— 

+ 

— 

— 

— 

! 

• /i(*) 

— 

+ 1 

+ 

— 

— 

4- 

4- 

4- 

— 

— 

fti-X) 

+ 

-h 

+ 

4 - or -ive 

1 

4- 

4" 

4- 

1 

4" 

4; 

4- 

/s w 

— 

— 

f 

+ 

4- 

4- 

4" 

— 

— 

— 

— 

/.(*) 

+ 

+ 

+ 

4- 

+ 

4- 

4- 

4- 

4- 

4- 

No. of 
changes 

4 

3 

0 

1 

1 

0 

3 

3 

3 

4 

of signs 

c 



j 





i 



The above table shows that the*'given equation has all 
its roots real; one of them is -ive lying in the interval 
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(—4, —3). The other three are +ive lying in the interval 
(2, 3) and two in the interval (0, 1). 

(b) Find the number and position of real roots of 
f (x)=x^ — 3x^ — 2x^ — 7x-\-3=0. 

Proceeding as usual fi (^)=4^®-9Ar^-4^d::l. 

/2(x)=4Jk*-72;c-69 
/g (x)=B3x-191. 

Since {x) will be numerical and we are concerned 
with its sign only, /s(a ’)=0 gives .■r = W which is slightly 
less than 2 ^. 

Let x=^l-h where h is small. 

Putting for in ^2 W* get 

^ (x)=43 /O" - 72 (I -/t) - 09 

=43/r-l28SA-2f. 

Since h is small the sign of (*■) is the same as that of 
the last term which is — ive and hence /4 (x)=-five. 


-oc 0* X -2 


/(*) 

+ 

+ 


i 

1 


H- 

- 


r (^) 

' i 

+ 

+ 

— 

1 

1 

“f 

— 


/2 (X) 

\ 

+ 

i 


1 

» — 

1 

— 

+ 

1 

+ 

+ 

/a W ' 

1 

1 


1 

1 

1 * 

' + i 

I 

i 

• 

fi 

+ 


1 

1 

+ 

4 

+ 

; 1 

+ 

+ 

j 

+ 

No of ^ 

changes 

of signs i 

4 

‘2 

0 

2 

• 2 

0 

3 

i 
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Above table shows that / (a:)=0 has got all its roots 
real out of which two are -hive and two — ive. Both the 
-five roots lie between 2 and 3, one -ive root lies between 
( —1, 0) and the other between —2 and —1. 

Ex, 4. Find the nature of the roots of the equation 

x*-5x^+9x^-7x-\-2=0. 55) 

f (x)=x^ - 5 x^+ 9 jc®~ ' 7 A;-h 2 
/' (x)=4x®— 15 a: 2-}- 18;c-7 

'Now/2 (a:) divides/' (a:) without any remainder and as 
such we conclude that «®-2 a:+1 i.e. (;c —If is the H. C. F. 
of/(A;) and/'(x). Hence (x—If must be a factor of/(x) 
showing that / (x)=0 has three roots each equal to 1. 


X 

-00 

1 

0 

1 

1X> 

2 

/w 

i 1 

+ 

t 

+ 

+ 

0 2 is a root 

/'(*) 

1 

— 

+ 

-- 

,/J (*) 

+ 

■ + 

( 

1 

+ 

No. of changes 
of signs 

# 

2 * 

2 

€ 

0 



From the above table, we find that there are only two 
distinct real roots which are -hive. Since/(2)=0, 2 is 

one of the roots and the other root is 1 which is a triple 
root. Thus the equation has all its roots real ; three of 
them being each equal to 1 and the fourth equal to 2. 

Ex. 5. Show by the use of Sturm*s theorem that the equation 
2 x®—3(?x®-hJ5x—5 sbs(? has four imaginary 
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roots and that its +ioe root lies in the interval (5, 6), 

Here proceeding as usual we find that 

and this expression is always +ive for all real values of x 

and we can divide by it taking/2(x)==l. Now proceed as 
usual. 


X 

— X 

«1 

X 1 

1 

1 2 

1 

t o 

1 

4 

|5: 

6 

-1 

.m 

+ 

B 

+ 1 

B 

B 

B 

B 

B 

+ 

+ 

/iW 

1 

a 

+ 

+ 

B 

B 

B 

B 

+ i 

. i 
+ 



+ 

M 

1 

+ 

1 

+ 

+ 

+ 


B 


+ 

Changes 
of sign 

2 

1 

( 

0 

1 

1 

1 

1 

.1 

0 

1 

2 


Above table shows that there are only two real roots 
and hence the remaining four roots are imaginary. The 
d-ive root lies between 5 and (i whereas the — ive root lies 
between 0 and — 1. 

Ex. 6. Find by Sturms method tfw number ond location of 
the Veal roots of the equation 

(Agra 44, 47) 

Here /(x)=x® —1 

30x2+6 
f{x) =20x2 _ 24x—Q 
/3(a:)=*96x2-5x-24 
/4(;«)=*43651x+10920. 

Clearly f^{x) will be numerical and we are concerned 
only with its sign. From f^{x)^0 we get xss — i,e, 
slightly greater than -+ Let it be -i+A where h is snAall. 

/»(-}+AT=96(-i+A)*-5(-iJ|-A)-24 
=96A‘-63A-V- 
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For small values of is clearly -ive and 

hence f^{x) will be -five 


X 

1-':^ 

1 

0 


1 

2 

1 3 

1 

4 

JT 

-2 

: -3 

j 

1 -i 

fix) 

— 

-f 

h 

— 

-- 

— 

4- 

+ 

+ 

I F 

1 

— 

flix) 

-f 

+ 

|i: 

— 

— 


1 F 

— 

— 

1 

i 

F 

Ux) 

1 

— 

i + 

1 

1 

i + 

■f 

^ + 

__ i 

— 

1 

1 


Ux) 

-f 

|'~3~ 

+ 


__+j 

"f 

+ 1 

+ 

' F 

F 

F 

Ux) 1 
1 

) 

- 1 

+ 

+ 

i ^ 

+ 

4-1 

1 

+ i 

— 

— 

— 

— 

Ux) 

1 

-f ; 

+ 

IT 

~i 

j 

+ 

4 - ! 

+ 

+ 

F 

F 

F 

No of 
changes 
of signs 

5 

2 

0 

1 

1 

i 

1 

0 

1 

4 

1 

■ 1 

1 

41 

1 

1 

■t 

1 

1 



From the above table it is quite clear that the roots are 
all real, 3 -ive and 2 -five, oie in (—1, — »■!), two in 
( — 1, 0), one in (0, 1) and one in (8, 4), 


Fit, Use Sturms method to show that the equation 
X* - 12x-\-7=0 has a root between 2 and 3. (Agra 43, 52# 59) 
F-k. 8 . Use Sturm s tluorem to determine the number and 
position of the real roots of the equation 

(fl) x^ - 6x^^ 5x^-^ 14x--4=0, (Agra 50) 

{b) - 6x^ -f lOx^ -5x-22:^0, (Agra 33) 

(r) x*-5;c®-f (Delhi Hon’s 54) 

{d) - 4x^ -^7x^-~6x^4^0. (Delhi Hon’s 4 !) 

Ans. (b) Two real (4, 5) and -ive (0, -1). 

(d) Two imaginary, (-1, 0), (2, 3). 

Ex. 9. Applj^ , Sturrns theorem to prtove that the equation 
x^^2x has only one ive real root lying between 2, and 3, 

(Agra 35) 
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Ez« 10* Prove that the equation 16^0 has two 

pairs of complex roots, (Delhi HOIl’§ 50) 

/2(x)s=x-f20 and/8(Jf)=s-ive one -five root between 1 
and 2. 

Ex. II. Prove by Sturm’s method that the equation 
x^-6x^ — Idx^— 12X‘^4==^0 has two pairs of equal roots 
f^ix) == (j: - i)(x - 2) etc. (Agra 57) 

Roots arc 1, 1 ; 2j 2. 

Ex. 12. Analyse tne equation 

*•-7*“+/5x* - 40*“+4S* - i<)=0. 
//*)=*8-0 xS+ 12*-8--=(*-2)» etc. 

Four roots are equal each equal, tc2 ;of the remaining two 
roots one lies in the interval (0, 1) and the other in (-2, -1). 

Ex. 13. Calculate Sturm’s functions for. the quartic 
z*+6Hi^+4Gz-fa^I-3H^=0. (Agra 37, 49) 

/'(t)==t’+3W<;+G • on dividing by (4). 

z’‘+BHz+G)z*+(>Hz‘+4Gz+a*I-?,H%z 

:^3Hz»+Gz 

3H?'+3G^+a*/-3H»' 

• .•• /s(t)=-?//t®-SGc-(aV-3W»)')?+3H?+G(-i/i+G 
Multi ply by a +ive quantity 3H* 3H* 

3Hy+9H«t+3H*G 

3HV.f3GHz*+(a‘H/-3//’)t 

- SO Hz* - (aW^^W)i+3M^B 

- 3GH^* - 3G*« - (a»/ 
t{3(G»+4H*) - a*W] + a‘iG 

==za\%HI-?aJ)-trC?lG ■, V G*+4H>=a\Hl-aJ) 
Cancelling a* and changing the sign, we get 

3H(2H/ - SaJ)«*+ 3C(/// - 9aJ) 

Ui) = - SoJy- IG) - SHi? -aCz- iff- SH*) ( 

Multiplying by the +ive quantity &HI-SaJ)*, 
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- 'SH&Hl - 3a W- 3G(&/ - 8aJ)\-(a*/- 3H«)(2i// - IW) 

- 3//(2H/ - 8 a/) V - 'dHIGi^HI - daJ)z 

- 3G42/ii - 3a/)[H/ - 3aJ]- (a®/- - 3aJ)* 

::SGzmi -3a/)[/i/ - 3^ 1 - 3 - 3a/)] 

bG^I{Hl- baJ)-{Ji-- 3ii’2)(2Hi - 3aJ)2 

=3Ga//ia- 9aG2//- U2/ - 3W2)[4HV2- Ti/i/Ja+OaV^J 

«3G*H/2-yaGW-4a2/iV»4-l‘2/^^/H12a3///V 
- mm a - 9a*//H27a»H V» 

«3Hi2(GH4/i®)- 9a/J(GH4i/®) - - ga^/J^ 

+12aHW+‘27H2aV*. 

Putting G*+4ii3=a*///-aV 
=( 8 Hi* - 9a//) (a2/i/- 

+ 12a3///3/+27/-/W2 
*3aa//378 - 9a®j^ V - Ba^H/V+9^^ 

- 4a3/3//3 - Si^//H m^HPJ+21 
«-a3/3//a+27//3c2/2. 

Cancelling the +ive factor a*//* and changing the sign 
we get/4(4:)=i*-27/® which is called the discriminant of 
the biquadratic. [See Ex. 1, P. 139]. 

Ex. 14 . Verify by means of Sturm’s remainders, the condi- 
tions which mist be fulflled when the biquadratic 

a3C^-^4bx^-\-6cx^-{-4dx-\-e==0 
is a perfect square and prove in that case 

' a*/(x9=fe{(ax+^JH5H}3. (Agra 39) 

[See Q. 4 P. 135 and Q. 12 P. 166]. 

Ez. 15 . Prove that when the biquadratic of the last example 
has a triple factor, it may be expressed in the forth 

[See Q. 11P'. 164]. . • 
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Ex. i6. Find Sturm’s fpketions for the cubic 

/W-a+5//^+^, r(z)==z^+H, Mz)^-2Hz-G, 
/aW- 

§ 4. Condition that all the roots of a given equa* 
tion be real and distinct. 

1. In case the equation has all its roots distinct, then 

the sequence of Sturm’s functions must in general consist 
of (n+1) functions i,e., the given function, its derivative and 
(n — 1) Sturm’s remainders. • 

2. In case the equation has all its roots real, then the 
difference of the number of changes of sign when x is put 
00 in the sequence over the number when is put — oo 
should be n. In other words it means that when x is put 
+ 00 no change of sign occurs the number of changes 
of sign be zero and when at =--00 in the jin+l) functions, 
they should be alternately -f-ive jmd -^ive so that there be n 
change of sign and the difference of these changes of sign 
be n-0==«, the number of real and distinct roots. 

The above conditions are satisfied if we say that 
the leading coefficients of all the Sturm’s functions be 
-hive. (We always take the leading €M>efficient of a 
given equation to be -five.) 

Ex. 1 . Use Sturm’s theorem to shem) that the equation 
^®-f 3H^-f has all the three^ roots real and distinct if and 

only if < 0. (Agra 48) 

^' 

. The fading coefficient of all the Sturm’s functions is 
-f ive\nrf from Ex. 16, we get the conditions as 
-H -five and -(G^-f-lH®) -five. 

ije, i/ - ive and G®-f 4//® — ive. 

But can be - ive only if H is — ive and hence 
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the former condition is implied in the lattef. HenCe 
is — ive i,e. < 0 if all the roots of the given cubic 
are real and distinct. 

§ 5. Nature of the roots of Biqudratic. 

By the help of Sturm’s theorem, discuss the nature of 
the roots of the equation ax*-\-4bx^-\-Gcx^-^4dx-{-e, 

The above equation can be reduced to the form 

where z^ax-{-b and the nature of the roots of the given 

equation and of the transformed equation is same. From 
Ex. 18. P. 193, the Sturm’s functions are 

f{z)^Z*+QHz^^4Gz+cfiI-W^ 

f\z)^z^+SHz+G 

f^{z)^ -- - 3G^ - {aH - 3H*) 

Mz)=--z{2HI--3aJ)-^IG 

fi{z)=^P-~21J^=d the discriminant. 

1. All roots real and distinct —The leading 

coefficient of Sturm’s function should be +ive. 

/. H ^\yey2HI—daJ — ive,+ive. 

2. All roots imaginary— 

P-QPJ^ +ive, and either H +ive or 2HI~‘?aJ -five. 

0 

In this case corresponding to '-2=00, the number of 
changes 6f sign in the above squence will be 

z^co -f H-f or - -f 2. 

z^ss — ooH-f or — -f2. 

The difference corresponding to the values 00 and —00 
of z is zero and hence the equation h^is no real roots. Thus 
all its roots are imaginary. 
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g. Two roots real and two imaginary— 

p— — ive : In this case we shall find that thG 
difference of the changes of signs corresponding to 
and —00 in the above sequence is always 2. We may give 
H and 2HI~^'daJ any sign we like. Thus the equation has 
two real and two imaginary roots, 

4* Two equal roots —In this case clearly P-27J®=0 
and then/s(-?:)«*0 will give us the H. C. F. of f{z) and 
and thus proving the existense of two equal roots. 

5. Three equal roots or two pairs of equal roots : 
In this case the H. C. F. should be of 2nd degree and also 
a perfect square or composed of two unequal factors accor¬ 
ding as three roots are equal or two pairs of equal roots 
exist. Hence f^{z) should vanish identically which will 
happen when either (1) 7=0 and .7=0 

or (2) G=0 and 2/77—BizJ=0. 

When 7=0, t/=0, we get G^-F4:77®—<i®(/77-aJ)=0 
and72(^)==0 becomes 37/^^-+-30^—377^—0 

and its discriminant is which is zero and hence 

its roots are equal i. e. it is a perfect square. Since the 
H. C. F. is a perfect square/(^)—0 has three equal roots. 

' When G=0 and 2777—3aJ^=0, then f^iz) is the H. C. F. 
but is not a perfect square and hence the equation will have 
a pair of equal roots. 

Note —Now 47/*==a®i/7-a*^. Putting G=«0 and 

«7=!~^, we get 4//®—or fl®/=1277® and this 

is same as the condition we had found in Ex. 12 P. 166. 

6. All roots equal —If 7=0, 77=0 and G=0, then 
f^(z) vanishes identically and thejH. C. F. comes out to be 
/ '{z) *. e. showing that all the roots are equal. 



CHAPTER VIII 


SOLUTION OF NUMERICAL EQUATIONS 

§ 1. Algebraical Equations j—Those equations in 
which the various coefficients are not numerical numbers, 
but algebraical quantities are called algebraical equations. 
Th§ roots .of such equations are determined in terms of 
the coefficients, just as the quadratic has 

for its roots , The algebraic solutions of 

cubic and biquadratic equations have already been given in 
Chapter V. 


Numerical Equations ;—In the case of numerical 
equations, the coefficients are given numbers and we can 
find either the exact or approximate value of a commen¬ 
surable root of the equation by the methods to follow. 


Commensurable and incommensuralde roots : —A 

real root of a given numerical equation is said to be 
commensurable when it is an integer, or a rational Function 
or terminating or repejlting decimals which are reducible to 
fractions. ^The incommensurable roots of an equation con¬ 
sist of interminable decimals. For examples 4, 7, i are 
commensurable whereas incommensurable. 

§ a* Theorem :—An equation with integral coe£menis and 
having unity for tf& 'coefficient of the first term; cannot have a 
commensurable root isfiich is mt an irUeger. The integer root of such 
an equation is a factor of the absolute term. (Pb. 52) 
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Let the equation be 

where all the a's are integers. If possible, let us suppose 
that it has a root -- a fraction in its lowest terms. 

q 




4 "... — 0 . 


Now multiplying both sides by we get 
- • • • -\-anq^~^- 

Now since p and q have no common factor, hence 

L.H.S. i.e. — is a fraction in its lowest terms whereas 
<? 

in the R. H. S. all the terms are integers. But it is 
impossible for a fraction to be equal to an integer and 
hence our supposition is wrong. 


Hence if the equation has como&ifrnsurable roots» 
they must be integers. Or, the real roots of the 
equation of the type as given are either integers or 
incommensurable. 


Note :—In case the coefficient of highest term be not 
unity but say Aq or other coefficients be not integral, then 
we can reduce this equation to another by multiplying the 
roots of the ""given equation by a® or by the L. C. M. of 
the denominators of the various fractional coefficients or a 
number less than that so that all the coefficients of 
the transformed equation are integers and the coefficients 
of leading term unity [§ 4 P. 87j. The roots of this transfor¬ 
med equation will be integers only. Having found them 
we can find the roots ,of the original equation as y^a^x 

From the given Equation we find that product of all 
the roote is numerically equal to which is an integer.and 
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the roots too are integers. Hence we conclude that each 
root must be a factor of 

Thus for hnding the integer roots of the equation we 
should try a factor K of the absolute term for the root 
of/(x)=£0. If iT is a root then ix~-K) divides 

f{x)^0 exactly. We shall give below another method of 
finding out the integer roots of a given equation which is 
known as Newton’s Method of Divisors. 


« § 3. Newton’s Method of Divisors for obtaining 
iiit^^aTroots of a given equation. 

(Delhi Hon’s 48, Pb. 3a, 36, 39, 51) 


Let h be an integer root of the equation 

where all the a's are integers. Again suppose that when 
f{x) is divided by {x-~h\ the quotient is (x) where 

. .6„_2«4-^n-i where all the 
b's must be integers. Then we have 


f{x)^{x-h)<f>{x) 

Comparing the coefficients of like powers of x, we have 
ihe following relations: 


Oq— bQy flj— b-^“^hbQ, (I2 — b^-^hh -^,«... ^ 
flj> ^~“bf “ Sii_ 2 2 2 

^n-i=*n-i - ^n-2 and - hbn~i ] 


(A) 


Rewriting the above relations in reverse order, we have 


>_ k 

- 






n-a 


1 


T^n-ad-fln-a . 

h ' 


“ 3. 


— bf-^Of. 


-- * Vi 


u. 


—and-io+ao=0 


(B) 


* « * • 
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The relation B suggests the following method for test¬ 

ing any number h for the root of the given equation. 

Divide a„ by h and the quotient is - Add the 
quotient to and again divide by h and the quotient is 
— ^„_2. Add the quotient to and again divide by h 
and the quotient is Continue the process and you 

will get the last quotient as - which when added to 
Qq must give zero in case h is a root. We know that all 
the b's i.e. various quotients are integer and hence if at 
any stage of division we find that any of the quotients is 
not an integer we should conclude that h is not the root and 
the process must stop. 

In the light of relations A and B the above procedure 
can be exhibited in a simple way as follows :— 



Procedure :— The first line denotes the coefficients of 
the given equation written in reverse order (supply the 
missing coefficients by zero.) The second line denotes 
the coefficients of the quotients written in reverse order 
with sign ch^inged. The third linp gives the number 
obtained by adding the corresponding numbers of 1st and 
2nd lines and all of them are divisible by h, *11 at any 
stage any number of 3rd row is not div slble by /i, the 
process should stop and we should conclude that h is not 
a root. In case A be a root the last number in the 3rd 
row should be zero. Divide by h and write the quotient 
in 2nd line. Add it ^o the corresponding number of 1st 
line and we get the 1st number of 3rd line. Divide it by h 
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and write in 2nd line. Adding it to the corresponding num¬ 
ber of ist we get the 2nd number of 3rd line and so 
on. 

Note —The above method gives cnly the integer 
roots of the equation, 

• • • 4*«n-i^4-aii=0. 

Also we know that if the coefficient of the .leading term be 
unity and all other coefficients integers then the integer 
roots are the only commensurable roots. Hence in order 
to find all the commensurable roots of the given equation we 
should reduce the equation to the form in which the coeffi¬ 
cients of leading terms be unity and the integer roots (as 
it will have only integer roots) of tf e transformed equation 
may be found. Having found these integer roots, we can 
find all the commensurable roots of the given equation :— 

Note :—HaV'ing found that any integer is a root of 
the given equation we, should try other integers to be a 
root of the depressed ec^uation whose coefficients will be 

the elements of 2nd line in reverse order with sign 
changed. 

§ 4. Restricting the number of trial divisors in 
Newton’s method. (Pb. 32, 369 39, 51) 

We have seen that in an equation whose coefficients 
are integers and leading coefficient unity all the integer 
roots are the factors of the absolute term In case 
be large we shall have to test a number of different 
factors of fof the roots of the given equation. The 
following methods will be of considerajble help ;— 

1. If A be a root of the given equation, then 
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J{x)^{x-h) <^(x) where <l>{x) is the quotient. 

/. /(1)==(1-A)«A(1) or -(A-W) 

/(-!)-(-or 

Above shows that A-l must divide /(I) and (A+1) 
must divide /( — I) in case It be a root which will be a 
factor of Hence all those trial divisors i. e. factors of 
a„ which when iHcreased by one fail to divide /(—I) should 
be rejected, and all those which when decreased by one 
fail to divide / (1) should be rejected. 

a. I'ind out the upper and lower limits of the real 
roots of the given equation and all those factors of which 
fall beyond these limits should be rejected. 

3. Some of the trial divisors can be rejected by 
performing the Newton’s Method mentally as you will 
find that just in the begining the.elements* of the 3rd row 
in Newton’s method will not b« divisible by h, the trial 
divisor. 

4. Incase/(1)=0 or /(-1)=0, then 1 or -lisa 
root.and we can depress the equation by one dimension. 

5. Repeated roots—In case h be a double root, then 
must be a factor of last coefficient and h that of last but 
one. If A be a ‘triple, then A®, A® and h * should be factors of 
last, last but one and last but fWo coefficients respectively 
of the given equation. 

Ex« i« The roots of the equation 

x*^ — jv® — 30x^ — 76x — 56=^0 

lie between — 6 and 12. Find them. (P>»..39) 

The possible fact®rs of 56 that lie bet\yeen - 0 and 12 
are ±2, ±4, 7,8. . 
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Also /(1)= —162 and/(-l)= —8. 

Reject all those divisors which when increased by one 
fail to divide /(—I), thus rejecting 2, ±4,8 and we are" 
left with -2 and 7. Reject all those divisors which when 
decreased by one fail to divide /(I). —2 and 7 are not 

rejected and we proceed to find whether they are the roots 
or not. 

« 

-21 -56 -76 -30 -1 1 

-28 24 3 -1 

-48 -6 2 ‘ d 

Thus —2 is a root and the depressed equation is 
24x —28=0 as the 2nd line gives the coefficients 
of the depressed equation in reverse order with sign 
changed. 

Let us try the trial divisor —7 on this depressed 
equation. * , 

7jH -28 -24' -3 1 

-4 -4 -1 

-28 -7 0 

Thus 7 is also a root and the depressed equation is 
x®4'4jc 4-4=0 whose roots are clearly —2, —2. 

Thus the commensurable roots (which will be integers 
only) are 7, — 2, - 2, - 2. 

Noted —Since —2 is a triple root it may be seen ( — 2)®, 
(—2)® and ( — 2) are the factors of last, last but one, last but 
two coefficients respectively. 

Had we tried any number other than — 2 or 7, we 
would have found that the element of 3rd row will not be 
divisible by that number showing that that number is not 
a root. 
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£x. 2* Find the commensurable and multiple roots of the 
equation x^^4x*—2x^-\-14x^^3x-\-18=0. (Pb. 45) 

The divisors to be tested are +(9, 6, 3, 2). 

Again /(l)-24, /(-l)-32. 

By the r.ule explained in last example +9, +6 are 
rejected. Because 9 when decreased by 1 divides/(I) but 
when irxreased by one docs not divide/(-1). Hencg we 
are left with +8, +2, 

b| 18 -3 14 -2 -4 1 

0151 -1 

■'3^ 15 8 -3 0 

Hence 3 is a root. Again 8® and 3 arc present in last 
and last but one coefficients reipcctively and as such there 
is a possibility of 3 being a repealed root. We try the trial 
divisor 3 on the depressed equation. 


6 

-1 -5 

-2 -1 

-1 

-2 

1 

-1 


-3 -0 

1 

1 1 

cc 

0 


Thus 3 is a double root. Now we shall try the trial 
divisor 2 on the depressed equation. 

2 _) 2 1 2 1 
1 1 

2 3 Stop since 3 is not divisible by 2. 

Let us try — 2. 

“- 2 [ 2 12 1 

^1 0 -1 

0 2 0 
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Thus “ 2 is a root and the depressed quadratic is 

Hence commensurable roots are 3, 3, - 2. 

Ex* 3 * Find by Newton’s method of divisors the integral 
roots of the equation 6x‘^~25x^-^26x^-^4x — 8=0 and hence solve 

it. (Pb. 46 ) 


In order to make the coefficient of leading term unity » 
we have to multiply the roots by 6 which will make the 
absolute term of transformed equation quite big. We first 
find the equation whose roots are the reciprocals of the 
roots of the given equation and that equation is 


or 


- 4 >® — - 6=0 




13 o , 25 


3 

■4 


= 0. 


In order to make all the*coefficients integers we should 
multiply the roots of tlK‘ aV)ove equation by 2 and the 
transformed equation is 

— 13^®+25^ —12=0. where -t=2j>’=2. 

X » 

/ (1)=0 and hence 1 is a root and depressed equation is 

1.1 -12 25 -13 -1 1 

-a2 13 O'. -1 

13 0 -1 0 

« 

.^3-13.^4-12=0. Again 1 is clearly a root of this equa¬ 
tion and the depressed equation is 

l\ 12 -13 0 1 

• ri zl 

-1 -1 0 

c 

«>+«-12=0‘ or te+4)fe-3)=9, /. «=3,-4. 
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Hence 1, B, -4, and 


2 

4: 


jf=2, 2, 


1 -1 
3*2’ 


(«») Find the commensurable and multiple roots of 
J (x) = 9x* - 12x^ - 71x^ - 40x -f i6= 6>. 

In order to make the coefticicnt of leading term unity 
\vc multiply the roots of the given equation by 3 and the 
resulting equation is 

! f 

(j)=J>'*-4y-71j^-120;»d-144=0, 

where 

Proceeding as usual the only number to be tried for 
roots are 2 and — 4. 2 can be sliowii not to be a root 

whereas ~4 is a double root as (-4)® and -4 are the 
factors of the last and last but one coefficient, 

i 

0 (J')=(j’+4)*(V*-1‘2^+9)=0, 

^=-4, -4?3(2± V3), 


X = 


o 


4 

3’ 


4 

3 


and (2±\/3). 


Hence the multiple commensurable root is — 

Ex, 4* Find the commensurable roots of the equation 
x& - 29x^ ^31 x^-+31x^-- 32x + 60= 0, 

*(Agra 6o, Pb. 51, 55) 
/(1)=0 and hence 1 is a Toot and the depressed equa¬ 
tion as above is th (.v)=x^ —2Bx® —59x^ —2^f — 60=0 

«A(1)=~174, <?!»(-1)=-62. 

The divisors to be tested are ±(2, 3, 4, 5, 6, 10,12, 
15, £0, CO). 

By applying the principle explained in Ex. 1, we are 
left with divisors — 2, 30.. 
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30] 

-GO 

-28 

-59 

-28 

1 



-2 

-1 

-2 

-1 



-30 

-60 

'^80 

0 


Thus 30 is a root. Again try —2 on depressed equation. 

i:2( 2 1 2 1 

-1 _0 -1 

0 2 " 0 

Thus — 2 is root and the depressed equation is 

X—±i. 

Hence the roots are 1, 30, —2, ± t. 

Exercise 

1. Find the integral roots of the equation 

- 23;c4+160;c* _ 281** - 257* - 440=0 
being given that the limits of such loots are -1, 21. 

(Pb. 58) Ans. 5, 8, 11. 

2 . Find the integral roots of the equation 

B**-23*3+36**+81*-:10=0 
having been given that the limits of such roots are 
— 2, 6. Ans. —1, 8, 5, 

Multiply the roots by 3 and the limits of the roots of 
new equation are — 6, 18. 

3. Find all the commensurable roots of 

2*® —31**+,112*4-64=0. Ans. 8, 8 

4 * Solve +6 equation by Newton’s method of divisors 
2*«- 15*®+32*H23*»- 186**+260* -120=0 
being given that the roots lie between 3 and —3. 

Ans. ; 2, 2, 2, 4 V 5 

5 * The following equation has only two different roots. 
Find them ;— 
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;c«-13;c*4-67;»:»- 17 U2+21Cjc -108=0. 

Ans. 8, 3, 3, 2, 2 

§ 5* Horner’s Method :— 

By the above method which is due to Horner, we 
can very conveniently find both the commensurable and 
incommensurable roots of a given equation /(^)=0, We 
first find the integer part of the roots and then proceed 
to find the decimal parts figure by figure. If the roots be 
commensurable then we can find it exactly and in case 
of incommensurable roots the value can be deterniinea’to 
any number of places of decimal which are obtained in 
succession. 

We shall give below the method of finding the positive 
roots of /(a:)= 0. In order to find the — ive roots of /(— *)—0 
wc shall find the -five root of/( —x)=0. 

Let us consider an equation * 

and suppose that it has a root say a whose integral part 
is p i. e. it has a single root in the interval (/>, j^-f 1) where 
/> is a -five integer. We have stated here that there is a 
single root in the interval {p, p+1) for if it has two roots in 
this interval, then those roots will be nearly equal and this 
case we shall consider later on. Let the root a in the 

interval (/>,/>+!) be denoted by p’qrs. .^ .. where q, s . 

are the figures of the decimal part of the root. 

j 

1st step. Diminish the roots of (1) by p as explained 
in § 5, P. 42 and let the transformed equation be 

bQX^ -f -f -f. 

+^n-i*+^n=0 where ^o—.(2) 

The equation (2) Jias again a single root between 0 and 

1 i. e. a root O'jrJ. In order to find the value of 

we multiply the roots of (2) by 10 [§ 4, P. 39] %. e, we multi- 
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ply the 2nd, 3rd, 4th.. .terms by 10, 10®, 10®... .respectively 
or we affix one zero, two zeroes, three zeroes with 2nd, 3rd, 
4th... coefficients respectively and the transformed equation 
thus obtained is 

10^,x«-i+10®^a^""®+. 

+10"“iVi^+10"^n=0.(8) 

Now the roots of (3) are the roots of ^2) multiplied bj 
10, t. e. it has a single root between 0 and 10, the root 
of (2) is ‘qrs, ... and hence the single root of (3) is q'rs _ 

m 

Now diminish the roots of (3) by q which is the gieatest 
integer of the root of «/i(x)=0. 

Important Note— 

Now we diminish the roots (8) by q and we obtain the 
transformed equation as 

.... 0.(4) 

r 

It should be clearly n vted that the sign of the last term 
of (4) is the same as that of the last term, of (8). 

Why ?—Equation (8) has single root between o and lo 
and the greatest integer that we have found is q i. e. 
it has no root between o and q and has a root between 
q and 

Now ^0)=last tqrm in the equation (8) and whose roots 
when diminished by q give the transformed equation whose 
last term'will be nothing but the value of ^{q). [See P. 46] 

Now if <K0) and ^{q) be of opposite signs, then naturally 
a root of «^(x)=*0 will lie between 0 and q which contradicts 
that q is the greatest integer of (3). Hence we conclude 
that if we are diminishing the roots by the greatest 
integer then the sig^ of the last term of the equation 
whose roots are being diminished and that of the 
transformed equation should be same. 
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Effect of dimintsliing by a number greater than the 
greatest integer of the root. 

The sign of the last term changes when we diminish 
the roots of (B) by a number greater than the greatest 
integer of the root of (B). For example, if we diminish the 
roots by (^+1) which is greater than the greatest integer 
of the root of (4), then naturally ^0/) and ^(^+1) the last 
terms of the transformed equation when the roots of (B) 
are diminished by q and ( 74 - 1 ) will be of opposite signs 
as a root of (B) lies between q and 7 -f-l. Now <^( 7 ) has the 
same sign as that of the last term of (B) and as such 4>{q-\-l) 
will have opposite sign. 

Similarly if we diminish the roots by 7+2, 7+8 . 

then also the sign of the last term will change. Hence 
we conclude that if at any stage of diminishing we 
find that the sign of the last term of transformed 
equation is of opposite sign to that*of the last term 
of the equation whose roota^are being diminished, 
we should feel that we have diminished the roots by 
an integer which is greater than the greatest integer of 
the root of the given liquation. 

' Note :—In the case of equal roots say 2*347 ; 2*604... 
when we diminish the roots by (6) we shall find that the 
sign of the last term wall change as we shall cross the 
integer (3) which happens to be greatest integer for one of 
the nearly equal roots. The change of sign of last term 
wal happen only in the case of nearly equal roots. 

It will provide a good check in the calculations. 

Effect of diminishing the roots by a number less 
than the greatest integer of the roots of the equation. 

The roots of (4j will now be *«... i. e. it will * lie 
betw'een o and i. \Ve again multiply the*roots of (4) by 10 
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and the roots of the transformed equation will lie between 
o and lo and the greatest possible next integer can be 9 
only. 

Now suppose you diminish the roots of (3) by a 
number less than the greatest integer of the root of (3) 
say by then the root of (4) will be TrJ... i. it 

will lie between 1 and 2. We again multiply the roots 
of the transformed equation by 10 and the roots of the 
new equation will lie between 10 and 20 and as such the 
greatest integer of the root will be somewhere between 10 
and 20 i. e, a number greater than 10. 

Similarly if you diminish the roots of (3)by(g*-2), 
then the roots of transformed equation will be 2.r^... i.e. it 
will lie between 2 and 3. We again multiply the roots of 
the transformed equation by 10 and the roots of the new 
equation will lie between 20 and 30 and as such the 
greatest integer of the roots will be somewhere between 
20 and 30. 

•j-’" 

Hence we conclude that if at any stage of dimi¬ 
nishing the number suggested by which the roots 
are to be diminished is greater than lo, we should 
feel that at the previous stage we had diminished the 
roots by a number which was less than the greatest 
integer of the root of that equation* 

Newton’s method of approximation 

In ths above process after we have diminished the 
roots 2 or 3 times and each time multiplying the roots by 
10, it will be difficult to find the greatest integer by 
which the next diminishing is to be done. The following 
theorem gives an easy method for finding the digit by 
which the diminishing should be done after two, three 
stages (or even earlier). 
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After two or three transformations the next great- ' 
est integer of the root is obtained by dividing the last 
coefficient by the last but one. 


Suppose a root of / differs from 

quantity h; then h is approximately equal to 


a by a small 

-.M 

7 ^- 


Since oL+h is a root, /. /(a+A)=0. 


We know that /(a+/i)=/(a)+4/’»+ ^ 7 /"(«)+... =0. 


Neglecting higher powers of h, we get 


/(«)+yV )==0 or 


1 


Now when we have diminished the roots by a, then/(a) 
is the last term of the transformed equation and/'(a) is 
the coefficient of last but one term. Hence the next num¬ 
ber h is obtained by dividing the last coefficient by the last 
but one. • 

Again since h is d-ive and are dealing with -five 
roots, we conclude that /(a) and/'(a) should be of opposite 
sign i, e. the last two coefficients of the transformed equa¬ 
tion must be of opposite signs before we find the next 
integer by the above process. 

The last but one coefficient in known as trial divisor 
and the above method is known as the principal of trial 
divisor. 


Conclusions and working rule : — ^ 

(i) Try to find the integral part of the roots by the 
principle that if/(fl) and/( 6 ) be of opposite signs then at 
least a real root of/(x)=0 will lie between a and b. Choose 
a and b two consecutive integers. 

(a) Diminish tl^ roots by a and the roots of the trans¬ 
formed equation will then lie between O’ and 1 because a 
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and b are consecutive. Multiply the roots by 10 by annex¬ 
ing zeros, and again find the greatest integer of the root of 
the equation as in (1) and diminish again the root by this 
number. Continue this process. 

(3) After two or three stages of diminishing apply 
the principle of trial divisor i.e. divide the last coefficient 
by the last but one coefficient to get the next integer by 
which the roots are to be diminished-iind these two 
coefficients should be of opposite signs. 

..( 4 ) The sign of the last term should be maintained 
throughout after the first diminishing. In case it changes 
it should give you an indication that the diminishing is 
done by a number greater than the greatest integer of the 
root whose roots have been diminished. The sign of the 
last term will change in the case of nearly equal roots. 

(5) If at any stage the greatest integer of the root 
comes out to be tgreater than 10, it should give you an 
indication that the dimini; -ling is done by a number less 
than the greatest integer 6t the root whose roots have been 
diminished. 

(6) While diimmshing the roots supply the missing 
terms by zero coefficient. We shall illustrate all these 
points, checks, cautions in the following examples. 

{7) Important :—It may happen that at any stage 
the trial divisor suggests the next integer to be zero. In 
such a case we should again multiply the roots by 10 by 
annexing zeros and write zero in decimal place of the root. 

Ex. I. Find the -\-ive root of the equation 

correct to four places of decimal. (Agra 48) Delhi Hon’s 48) 

/(x)=:x®-bx®-l-x--LOO—0.(1) 

(x) /(4)»d-ive,/(5)= ^ive andr hence the -j-ive 
root lies between 4 and 5. l.e.t the root be 4'5r5^. 
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(a) Diminish the roots of the given equation by 4 and 
we get the traosfomied equation as 

.v8+13;tf2+57;e-16=0.( 2 ) 

(3) The root of (2) lies between 0 and 1. Multiply its 
roots by 10 by annexing one zero, two zeros and three zeros 
with the 2nd, 3rd and 4th coefficients respectively, we get 
the transformedequation 

<H^)=^®+lHOx8+5700x-16a)0=0.(3) 

(4) The roots of ( 8 ) lie between 0 and 10. Clearly 
t/, ( 2 )=-f ive and ( 8 )= -ive and hence the greatest integer 
of the roots of ( 3 ) is 2 as is evident otherwise too by the 
principle of trial divisor ; if we divide 30000 by 6700 the 
number suggested is 2 . 

( 5 ) Diminish the roots of (3) by 2 and we get the 

transformed equation as x8-{-136x8-f0832;if—4072=0.(4) 

It is to be noted that the sign of the last Jterm in (3) and (4) 
i’ same and the last and lastlbut one coefficients have 
opposite signs. ^ 

Wrong Steps. 

(a) Suppose we diminish the roots of (3) by 3 which 
is greater than 2, the greatest integer of the roots of (3). 
We find the transformed equation as 

x8+139xa-f 6507x4-2297=0. 

We find that the last term does not maintain the same 
sign as that of (3) indicating that we have crossed the 
greatest integer. Also the last ’ and last but one caefficients 
are not of opposite signs. 

(b) Suppose we diminish the roots of (3) by I, a 

number less than the greatest integer of the root of (3); 
then the transformed equation iS • 

x»+ia3x«-h5963x -10169=0. 

Multiplying its roots by 10, we get 

x«+1330xH59630x- 10169000=0 
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The trial divisor suggests a number greater than 10 by 
which the roots should now be diminished indicating that 
we have chosen for diminishing a number less than the 
greatest integer of the root of (3). 

Right process continued. 

( 6 ) The roots of (4) lie between 0 and 1. Multiply 
its roots by 10 by annexing zeros and the transformed 

equation is 1360xH 623200x - 4072000=0 .(5) 

.. ( 7 ) The roots of (5) lie between 0 and 10 and 
the trial divisor suggests the next number to be 6. 
4072000-7-623200 suggests 6. 

( 8 ) Diminish the roots of (5) by 6 and we get the 
transformed equation as 

x3+1378x2+639628x- 283624=0 ( 6 ) 

It is to be noted that the sign of the last term in ( 6 ) is 
the same as that of the last term of (5) and also the last and 
last but one coefficients in '’j) are of opposite signs. 

( 9 ) The roots of (6) lie between 0 and 1. Multiply 
its roots by 10 by annexing zeros and the transformed 
equation is 

x«+13780x2+63962800x -283624000 =0 .(7) 

(10) The roots of (7) lie between 0 and 10 and the 
trial divisor suggests the number 4. 

(11) Diminish the roots of (7) by 4 and we get the 
transforn.ed equation as 

x»+ 13792x*+64073088x - 27552256=0 .( 8 ) 

(la) The roots of ( 8 ) lie between 0 and 1, Multiply 
the roots by 10 by annexing zeros and the transformed 
equation is 

137920X* - 6407308800X - 275.52256000=0.(9) 

( 13 ) The roots of (9) lie between 0 and 10 and the 
principle of trial divisor suggests the next figure to be 4 
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which is the fourth place of decimal and we need not carry 
on further process. Hence the +ive root of the given 
equation correct to four places of decimal is 4*2644. 

Will you be prepared to find out the root of the 
above equation correct to nine places of decimal by 
proceeding as above ? I know you will not be ready. 
We will give a simple method for such a case in the 
next article* 

All the th irteen steps done above are put in a simple 
form below. [See P. 42 for diminishing the roots.] . 

4-2644 

1 1 1 “100 -ri 


4 

20 


84 

;) 

4 

21 

3(5 


-1(5000 

11928 

9 

4 

5700 

2 54 

-4072000 

3788376 

130 

2 

5904 

208 

Iv 

-283624000 

25(5071744 

132 

2 

(523200 

8196 

1 

1 

1 

1 

-27562256000 

134 
. 2 

631396 

8232 



1360 

6 

639(52800 

55136 



1366 

6 

64017936 

55152 


0 


"1372 6407308800 

6 

13780 

4 

13784 

_4 

13788 

4 

"137920 
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For finding the last number in the decimal place we 
need not continue the process of diminishing. After annex¬ 
ing zeroes, find the integer by trial divisor. 

§ 6. Contraction in Horner’s Method. 

We have seen that if in the last example we were to 
evaluate the root correct to nine places of decimal, the 
usual process of annexing zeroes will be tod lengthy and 
beyond the patience of the students. We shall illustrate 
the aj^ove process by taking the last example. We have 
seen in last example that after having found the root correct 
to three places of decimal and then multiplying the roots 
by 10 we get the transformed equation as 

137920x2+6407303800X - 27552256000=0. 

Dividing the L. H. S. by 1000, we get 

• 001x3+ 137-92 x2+6407308*8x - 27552256=0. 

We can assume here thatrthe roots of the above equa- 
tion will not change very n^uch if the fractional parts of 
the various coefficients are approximated to integers i. e. *8 
may be taken equal to I and ‘92 also equal to 1 and ■001=0. 
Hence the above equation changes to 

138x2+6407309x- 27552256=0. 

Now in order to find the next integer w^e use the princi¬ 
ple of trial divisor and the figure suggested is 4., 

- 4 

The above method can be^piiias below :— 

Instead of annexing zeroes to the coefficients of trans¬ 
formed equation we cut off one figure from the right of 
the last but one coefficient (trial divisor), two figures 
from the right of last but two coefficients and three figures 
from the right of last but three coefficients and neglect the 
leading coefficient.t We shall howevfer mentally take 
into consideration the effect of figures cut off, i. e, fractions 
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greater than *5 to be approximated to unity less than *5 to 
be neglected. After all the figures of the last but two 
coefficients have been exhausted, the process will reduce to 
the ordinary process of division and can be continued until 
all the figures of the trial divisor are exhausted. 

Suppose we apply contraction to the last example after 
we have evaluated the root up to three places of decimals. 

The transform’ed equation is 

18792xH G4073088X - 27552256=0. 

Now instead of annexing zeroes we cut off one figure 
i. e. 8 from the right of last but one coefficient, cut off two 
figures i. e. 92 from the last but two coefficients, and neglect 
the leading coefficient and we are left with 

|4-264 

18702 (i4O73O80 -27552256. 

The trial divisor suggests number 4 and we diminish 
tin roots by 4. While multiplying and adding we have to 
mentally take into consideration the eff'ect of figures cut 
off. We shall write a, b,c..Sat places where we have 
mentally taken the effect of the figures cut off and explain 
them below. 


18702 6407808^* 

552 
6407861 

_552 

'6408413 

8 

W 640844 

8 

640847 

64084 

X ' 6403 
640 

64 


|4-204,jb 2 , 9, 9, 7, 8, 1 


(a) 

-27552256 

25681444 

4 

(b) 

-1920812 
1281688 

2 


T689124 

q 

(c) 

576762 (e) 

4/ 

(d) • j 

- 02302 

q 


57f^76 (f) 



- 4686 (g) 

7 


4486 



-200 

3 


•192 



-8 

# 

1 


* 6 



-2 
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Explanation for mentally taking into consideration 
the effect of figures cut off. 

(a) 052=-(4xl37)+(4x-92)=-548+;V68=-54-8+4«552. 
*GB is approximated to 1. 

(b) 6407801=6407808'8+552=G407309+552. ■ 

‘8 is approximated to 1. 

(c) 3==(2 x1)+C2x-37)=2+-74=3 
*74 is approximated to 1. 

, (d) 640844= 640841*3+ 3= 6408444. 

*3 is approximated to 0. 

Other explanations can similarly be accounted for. 

At what stage to begin contraction ? 


If we begin to apply contraction at the stage when the 
trial divisor contains n integers, then w'e shall be able to 
find (n-1) figures pf the root in addition to those already 


found out. Suppose we wi^.t to find out the root of a given 
equation correct to ten' places of decimal. If after 
evaluating three places of decimal w'e want to apply 
contraction we should first certify that the trial divisor 
contains 8 digits so that it may give (8—J) i.e. 7 additional 
figures and hence the root will be found correct to ten 
places of decimal. In case the trial divisor at this stage 


consists of 7 digits, then by the process of contraction we 
shall be furnished with (7-1) i.e. 6 additional figures and 


in all w'e shall find the root'correct to 9 places of decimal 
whereas we want it correct to 10 places of decimal. Hence 
W'e should annex zeroes and proceed with one usual step and 


apply contraction at the next step. 


Ex. 2 . Find to seven places of decimal the root of the equation 
x*~~J 2 x’{- 7^0 whigk lies between 2 and 5 .c 

(Agra 43, 5a, 55, 58, Pb. 25, 44) 



Solution of Numerical Equations 


221 


Let the equation be written in complete form as 


A 


0 

2 _ 

2 

2 


h 


800 
^ 4 

80.1 ' 
4 

808 “ 

4 

'812 

4 


0 

4 

4 

8 


-12 

_8 

-4 

24 


7 

8 


2 04727560 
0 


-1,0000,0000 

8*1456 


4 

2 

12 • 

12 


20,000,000 
07281) t 

-16108514 
15493415 

6 

24,00,00 

20972814 

1 -01512!) 


J1210 
244216 
3242 

216448 

3218 


2401 n 

2m 

24 


085792 
210580^56 “ 
17479 
2213345 
17170 

2230 ;2J'' 

m 

223l;i2 
5Cj^ 
223182" '' 
22313 

2231 
223 


(a) 


446264 


-168865 


156227 

(bl 

-12638 


11159 

(c) 

-1479 

1 

1839 

(ciy 

-140 

< 

134 

(e) 


2 

7 

5‘ 


6 

6 


-6 


Explanation :— 

A. We will first diminish the roots by 2 and then 
annex zeroes. The trial divisor is greater than the last 
coefficient and suggests the next number zero. We put 
zero in the decimal place and multiply lire roots again by 
10 by anrexing zeros and proceed as usual. 

B. At this stage there are 8 digits in the trial divisor 
and as such we can find seven more decimal places if we 
apply contraction now. We have already found two 
decimal places and hence the root will be evaluated 
correct to nine placea of decimal by applying contraction 
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at this stage. We cut off 6 from trial divisor, 9G from last 
but two coefficients and 1st two coefficients vanish altoge¬ 
ther. We now proceed as if we are dealing with a 
quadratic. 

Note : — Small letters denote that while multiplying 
and adding we have mentally taken into consideration the 
effect of digits cut off at the places where these letters arc 
written as in Ex. 1. 

Note ; — We see that after diminishing the roots by 2 
the sign of the last term is changed from 4“ to — showing 
that we have crossed a root for, the equation has another 
root which lies between 0 and 1 as /(0)=4-ive and 
/(!)==-ive. 

« 

Ex. 3. Find the real r^-. of the equation 
x^-x^-x^2000 = 0 

correct to seven decimal places. (Agra 41, 60 ; Pb. 41) 

We find that /(10)=—ive and /(20)==-hive i.'C. a 
root lies between 10 and 20; We will diminish the roots 
of the equation by. 10 and the transformed equation is 
x®-f-29x*J|- 279a;— 1110=0. The root of this equation 
lies between 0 and 10 and since /(2)= —ive, /(3)= -f-ive. ; 
it lies between 2 and .S. We diminish the root by 2 and 
the roots of transformed equation will lie between 0 and 1 

I' 

and we shall multiply its roots by 10 by annexing zeroes 
» 

and proceed as usual. 
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-1 

so 

89 
190 
“‘279' 

(;2 

841 

00 

407C0 ” 
82 SI 

4 981 
8812 ^ 

4724800 


4740950 

22092 


1 IQ+2-968 67240 

-2000 ■ .f. 

890 

-1110 : o 

082 I ^ 

__ . I 

-421CC0 q 
895879 


- 82021GCO 
28481730 

“-4189204“ 
8818144 
“ •-821120 
28054‘3(c) 
-84577 
83480(d) 


1 1 4 17 1 



Hence the root is i2‘9G807240. 
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Explanation 

(A) After calculating one decimal place i. e. 9 the 
trial divisor 47243 had only five digits and we could find 
only (5 — 1) i, e. 4 additional places of decimal z. in all 
five places. If wc were to calculate the root correct to five 
or four places of decimal we could have applied contraction 
at this stage, but since w'e are to find out the root correct to 
eight decimal places we apply contraction at the next stage 

B). 

(B) After diminishing the roots by fi we find lliat 
trial divisor 47(j9()48 has seven digits and as such it can 
give us (7 — 1) i, e. 0 additional places of decimal and two 
places of decimtd wc have already found. Hence if we 
apply contraction at thi' stage the root will be known 
correct upto eight places of decimal. 

(a) 303 - (8 X 37) + (S X -88)=296+6-94=296+7= 303. 

(b) 477268-= 4769(H-8 +303--= 476905 + 303. 

*8 approximated^to 1. 

(c) 286543=6x47757+6x-l 

=28C5424--6=286543. 

Ex. 4. has a root between! and 3. Find 

it correct to 9 places of decimal. (Agra 35j;^44; Pb. 34) 
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B. 


0 

_2 

2 

2 

4 

2 


A. CO 


60,0 
_ 9 
609 
9 

618 

9 


6270 

4 

6274 

4 

6278 

4 

G2H2 


02 . 


-2 

4 

2 

8 


10,00 


10,00,00 

6481 

105481 

5562 


111U480U 

25096 

ni29396 

25112 


11154500 
814 (a) 
015765 (b) 
814 _ 

1116070 


111607 


11160 


i2-0945514B8 


-5 

4 


- 1,000 


1110 


111 


-1,000,000 

949829 


- 50671000 
445m84 
-6158416" 
5578825 


-574591 
(c) 558040 


-16551 
(d) 11161 


-5890 

4464 


-926 
(e) 898 


-83 

33 


0 


2 

0 

9 

4 


5 


5 


’ 4 


__I _ 


8 


8 


Hence tlie root correct upto nine places of dfecimal is 

2*094561483. 

Explanation. 

(A) Since the trial divisor does not suggest any 
number, we diminish the roots by zero and then multiply 

al 

the roots by 10 by annexing zeroes. 

(B) We apply contraction at this stage as the trial 
divisor 11154508 contains 8 digits and it will therefore give 
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the root upto 7 more decimal places and three places we 
have already found. We could not have found the root 
correct upto nine places of decimal had we applied the 
contraction at the previous step. 

Explanations a, b, c, d, e are as usual. 

Example 5 . The equation — llx-{-4=0 has a 

root between 1 and 2 . Find its value correct to eight places of 
decimals. 


1040' 

3 

1043 

3^ 

1046 ^ 

3 

1049 

3 

1002 


' 7 
7 

1400 ' 

m 

1910 

552 

2468 

588 

305600 

3129 

308729 

3138 

311867 

__ 31 ^ 

815014 

6 


3156 

6 


31 


-11 

1 

-10 

7 

-3000 

11496 

8496 

14808 

23304000 

<926187 

24230187 

935f)01 

25i65783(a) 

189 ^ 

2535515 

18972 


2554487 
285 (b) 


255734 (c) 
. 285 


11-63691 357 

4 

-10 

■ - 6C000 
50976 

-■90240000 

72690561 
-17549439~‘ 
152130^ _ 
- 2336349 
2301606(d^ 
- 34743 
25602(e) 
-9141 
7680 

-1461 
1280 


-181 
179 (f) 
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Exercise. 

I. The equation x^-\- 12x-\-7—0 has a root between — 1 and 


0. Calculate it correctly to seven places of decimal. (Agra 54 ) 

Since the root of f{x)^x*-\-Vlx-\-l--=^Q is -ive as it 
lies betwen — 1 and 0 , hence the root of 

f{-x)—x*-12x-\-l=0 

will have a root between 0 and 1. Ans. — *59^^6858 

2 . Find all the real roots of the equation 
correct to five places of decimal. (Agra 53 ) 


It can be easily seen that/(jf)=0 has two -five roots, 
one lying between 0 and 1 and the other between 1 and 2 . 
The - ve root of f{x)=0 lies between —1, -2. 

Ans. I*5;i209, Cr3-4729, -1*87938 

3 . Find the -\-ive root of the equation * 

2x^ - 85x^ - 55a; - 7=f?. (Arga 40 ) 

Since the last three terms of f(x) are - ive, hence 
tlie root will have a greater number for its integral part. 

find that it lies between 40 and 50 as /(40) and /(50) 
are of opposite signs. Diminish the roots of f{x) by 40 
and then the roots of the transformed equation will lie 
between 0 and 10 and they are as usual found to lie between 

3 and 4 etc. * Ans. 43*5 

■ 

4 . Find to three places of decimal the root of tite equation 
— 3x^-\-15x^i0000=i0 which is situated betueen 9 and 10. 

(Delhi 49 , Pb. 40 ) Ans. 9 886 

5 . Find the cube root of 25 correct upto ten decimal places. 

In other words we have to find the root of ac®~ 2-7=0. 

iCns. 2 92401773821 
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6 . The root of the equation x^-^7x-{-7==0 lies between 3(2 
and 2 ; find it correct to four decimal places, (Agra 57, Pb. 54) 

Multiply the roots of fix) by 2 and the root of the 
transformed equation will lie between 3 and 4 etc. 

7. Find the root of the equation x^ —7=^0 correct to 

five places of decimal. (Pb. 46) Ans, 1*47577 

8 . Find a root of the equation 

^0x-\-3=0 

which is situated between 0 and 1, correct to four decimal places. 

(Pb. 43)Ans. *3131 
9 * Find the real root of the equation x^‘\‘29x‘-97=^0 to 
five places of decimal. (Pb. 45) Ans. 2*68061 

lo. Find by Hornefs method the cube root of 30 correct 
to seven places of decimal. (Pb. 58 ) 

§ 7. Nearly equal roots. 

Suppose f{x)=f0 has two nearly equal roots say 
a'jSyS.., .and a ./3y8'.... ^Ve also know that in case an 
equation /(^)=0 has two"^ roots equal to a then /(ot )==0 
as well as/'(a)= 0 , when the roots are nearly equal to a then 
both /(a) and /'(a\ will be small quantities. Let us diminish 
the roots of /(^)=0 by a; we get the transformed 
equation 

/(* 4 ‘a )««0 or /(a)-f (a)+^j /''(«)+. 

/ fj 

+~/(a )=0 .( 1 ) 

pA-qx+rx^-^ . =0 

where p-f (a), q—f\«), and p, q are quite 

dd L 

small. 

Suppose that the roots differ from a by a small quan¬ 
tity h. . ” ' 
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So that a-}-A is the actual value of the root, then 

/(a+/i)=0 

or /(«)+A/'(«)+|f/'(«)+.=0 

or p-\-qh-\-rh^’\- .=0. 

Since the equation has two nearly equal roots i. e. J (a) 
and / '(a) or p apd q are quite small, we cannot neglect the 
term rh? in comparison to qh as we neglected in the case 
when the roots were not nearly equal [see page 210]. 
Hence in this case the transformed equation (1) reduces to 
a quadratic p-^qx-\-rx^—Q and it has nearly equal roots, 
sjy equal to ‘A’; then 

{p-\-qx-\- rx^)^r{x - kf~r{x^ — 2kx-{~k^). 

Comparing the coefficients, we get 

t _ 2 _L 

- 2rk~~ 1 


V 



, twice the last coefficient 

or /:=- T"—i-- 

last but one coefficient 

last but one coefficient 
"" twice last but two coefficient* 

In case we find that these two values of k are nearly 
equal we should feel that the roots have not been separat¬ 
ed and they are still equal and we should dimmish the 
root by k and again apply above. In case the values of k 
given by above are different, we should feel that the roots 
have been separated and then find the two regions in 
which the roots lie by the principle tha^ if f{a) and/(i^) 
be of opposite signs a root lies between them. It may also 
be noted that while calculating the greater root you will 
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cross over the smaller root and as such the sign of the last 
term will change. 

Ex. I. (a) The equation x^-7x-\-7=^0 luxs two roots between 
1 and 2, Find each oj them to four decimal places. (Agra 57 ) 

1. Diminishing the roots of the given equation by 1 wc 

get the transformed equation as 0 whose 

roots lie between 0 and 1. 

2. Multiplying the roots by 10 we get the transformed 
eqi^ation 30x2—400^+1000= 0 whose roots \\q between 
0 and 10, 

In order to find whether the roots have been separated 
or not, 

-^lastco eff. - 
last but one ”” — 400 


- last but one 400 _ , 

'"lTastbuyufo=W 

Since the values of ^'^re different we should feel that 


the roots have been separated. By calculating f{a) and/(6) 
the two roots are found to lie between 3, 4 and 6, 7. 


It will be seen that wliile calculating the greater root the 
sign of the last term will change whereas while calculating 
the smaller root the sign will remain unchanged as show'n 


below ;— 
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(b) The equation 14x'^-\-16x-\-9==‘0 has two roots between 
2 and 3. Find them to three decimal places. (Pb. 37) 

1. Diminishing the roots of the equation by 2, we get 
the transformed equation as 8«+l*0 whose 

roots lie between 0 and 1. 


2. Multiplying the roots of above by 10 we get the 
transformed equation ;ic*-|-80^®-bl000«^-8000A:+10000=0. 
We do not know whether the roots are still equal in decimal 
places i. e. they have been separated or not. 

It k be nearly equal to next digit of decimal place then 




— 2 last coeff. — 20000 ^ i 

tob ut one =^^8000 =2 nearly 


_ — last but one coeff. 8-000 
”” 2.last but two “"20(^0”” 

Since the values of k given, are different, we should feel 
that the roots have been separated and their decimal places 
are not equal. 

Now x«+80x3-fl000x*-8000;r-f-10000 = 0. 

It has two roots in different regions. By the principle 
of trial divisor the next figure by which the roots be 
diminished is 1 i. e. the'root lies between 1 and 2. The 
other root is obtained to be between 4 and 5 as / (4) and 
/(5) are of opposite signs and while calculating this root 
the sign of the last term will change as you will be 
crossing over the smaller root. Proceeding as usual in 
Horner’s method for the different roots we obtain them to 
- be 3 *i 6 i and 9*414* 

Ex* 3* Find to seven places of decimal the value of each oj 
the two roots of the equation 

127x^-\-220x^ 520^0 

which lie between 2 and 3. 
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1. Diminishing the roots by 2 and then multiplying 
the roots by 10 , the transformed equation is 

3;v4-370;r8- 10700;c2+92000;c-120000-0 .(1) 

2(120000)^ 92000 , 

^ ^ 92000 2(10700) 

As tlic values of k are nearly equal, the roots have not 
been separated and we diminish the roots by 2 as suggested 
by the value of k. 

2. Diminishing by 2 and multiplying by 10, we ggt 
the transformed equation as 

3;«*-34C0;r3-ie848C0;r2-f 2085GC00x-57120000=0 .. .(2) 

2(57120000) ^ 20856000 _ 

20850000 2 (1884800)" “• 

As the values of k are nearly equal we feel that the 
roots have not been separated and we diminish the roots 
by 5. , 

8 . Diminishing b^ 5 and multiplying by 10, we get the 
transformed equation as 

3;c«- 3400x8- 193()250x8+175CC00x- 390625-0 ... .(3) 

In order to find k we need not multiply the roots by 10 
as we shall apply contraction. 

2(3906 251 17500 CO _ 

175COCO " 2(1936250) 

The above shows that the roots have still rdot been 
separated and we diminish the roots by 4 by applying 
contraction and the resulting equation is 


Here 


3x8+19404x*-19936x4-641-0... 

t=2J^U.0C or 
. 19936 2 (19404) 





234 


Theory of Equations 


As the values of k are different, we conclude that the 
roots have been separated. By trial it is seen that the 
equation (4) has one root between 0 and 1 whereas the 
other root lies between 9 and 10 and w'e proceed to find 
as usual shown below. 


Smaller Root 

12-2640333 




19404 -19930 

641 

104 -1993 

641 

6 (a) 

-579 

-las 

62 

6 

- 66 (b) 


I 


-18; 

iF“ 


G 

1 ' 


It should be noted that 
the last figure is 3. Though 
the numbers 1 and 6 suggest 
6 but 1 is actually 1*8 and 
when multiplied by 6 it 
would be lO'Hsall nearly but 
when multiplied hy 3 it 
becomes 5*4«5 nearly. 


Greater Root 

1 2-254 9942 


3 19404 -19930 G41 

1746 -2223 


-247 

1746 

_ 1490“ 

104 17 (a) 

167 (bj 
17 

_ J 184 


13 

"I 


1582 

1503 

-79 

74( c) 

-5 

i“-i 


[ As in smaller root, the 
last figure is 2 . 


Hence the roots are 

2-2540338 and 2-2549942- 

Ex. 4 * The ,iquation x*-^8x^-70x*^144x+936=iO has 

two roots which lie between 4 and 5. Find them correct to three 

1 

placet oj decimal, ' 


4-242, 4-246. 



Solution of Numerical Equations 


235 


§ 8 . Lagrange’s method of expressing the root of 
a numerical equation in the form of a continued 
fraction :— (Agra 45 ) 

Let the equation be / (x)=0 and suppose its root lies 
between two consecutive integers p and Let the root 

be taken to be /. /^P^' 

In order to get / ’^^e first diminish the roots of 

the equation by p and then from the transformed equation 
find other equation w’hose roots are reciprocal of the roots 
of the equation. This equation will give us the value of 
By trial we find that has a root betw'een g and ^+1; 

let it be g+ ~ . Diminish the roots by q and then from the 

z 

tmnsformed equation find another equation whose roots 
are reciprocals of the roots of the transformed equation. 
This equation tp Ct)-=0 has a root between r and r + 1 etc. 

Hence the root of the given eejuation is 

Ex. Find in the form of a continued fraction the -\~ive root 
of the equation f (x) — x^ — 6x-^13==0. 

m 

Clearly /(3)=s-ive and / (4),+ive and as'such the 

root lies between 3 and 4. Let it be 3+ ^ . Diminishing 

the roots by 8, we get the equation 4=0. 

. 1 
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Hence ^ is a root of 1—0. 

The -five root of <f> (>')=0 lies between 5 and 6. 

Since (5)= — ive and ^ (6)= -f ive. 

Let it'be 5-f — . Diminishing the root by o, we get 
Z 

the equation as 4j®+;39^^-f8]_y —71—0 whose root is IJz. 
Hence ^ is a root of the equation 

71c3-8U‘‘*~;39^-4=0. 

. Its root lies between 1 and 2 and let it be l4--~ etc. 

u 
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1948 

A root a of the equation I0x®4-7^+10 ==0 

is connected “with a root a' of the equation x^ — x^—llx 
-|-fi5=0 by the relation — Using this fact, 

solve the two given equations completely. 

(ii) If ai, a 2 ...,afl are the roots of the equation 
x^-l~nax— bs=0f show that 

(«! - aj) (aj - ag)... (aj - =n +a). 

Q. 13 P. 16. 

^-2. Show that if p and .7 {pr]^--q) be the roots of the 
equation (a^z+ai) t^^en the cubic equation 

rto:® 4 - 3 fli^ 24 - 3 j 2 ^+fl 3=0 can be reduced to the form 

A {z-p)HB U-7)®=0- 

Hence or otherwise solve the equation 
4b^«+72^24.18^-ll-=0. 

§ 3 P, 22,* Proceed as in Ex. 1 ol 2 P. 125-126. 

Show how to solve* a biquadratic equation by 
resolving it into two quadratic factors. 

Solve the equation :if*+12A;+3=0. 

§ 7 P. 140, just as Ex. 9 P. 143. 

4. (i) Find the Jium of the fifth powers of the roots of 
the equation 
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Calculate for the general equation 

Simple, Ex. 1 P. 110. 

6. State and prove Sturm’s Theorem on the separa¬ 
tion of the roots of an equation. 

Find the number and situation of the real roots of the 
equation —3x+l=0. 

§ 3 P. 179, Ex. 2 P. 186. 

« 

6, (i) Apply Newton’s Method of Divisors to hnd the 
integral roots of 3 x^ — 23a:®-|-35^^+31a: —30=0. 

(ii) Find the positive root of the equation 
—100=0 correct to four decimal places. 

Ex. 2 P. 207, Proceed as in Ex. 2, 3 P. 220, 222. 

J949 

(i) The sum of two roots of the equation 
4Ajc-b2=0 is equal to the sum of the other 
two. Find A and solve the equation. 

(ii) Find the multiple roots of the equation 

12x3 4-32x2 - 24x+4=0. 

Hint: Find the •!!. C. F. of /(x) and f' .(x) etc. 

Q. 9..(b) P. 29. 

N2f Obtain the roots of the cubic flx34-36x3-p3rx4-rf=0. 

If the cubic x34-3Hx4-G=0 has roots a, j8, y, show that 
the cubic x34-9Hx3-27 (G34-4H®)=0 has roots 

• (a-jS) (a-y), 0-y)(^-a), (y-a) (y-/3). 

g 1 P. 112 oi^§ 3 P. 122, Ex. 8 (b/P. 74. 
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Prove that the expression 

u^z'^ ^ Qj^z^ -j- 4,Gz 4- — 3H^ 

can be written as the product of the two factors 


230 


e+sH+n^±(^2kz-^^') 


provided that is a root of the equation 

—=0, 

where 0^4-4//®^a® {HI - aJ). 

Show that the roots of the biquadratic 
ax*-\-4bx^-{-4idx-\-e^0 
have only two distinct values if 

ad^ m _ 
hh bd'-ae ~ ’ 

and distinguish between the two cases. 

Ex. 9 P. 149. 

NM>) If«, jS, y are the roots of the equation 

x^-{-px+g=0, 


prov 


.. «®+|8®+y' 

' c tri&L fS —— o X n • 


a 


2 


• (ii) Apply Sturm’s Theorem to the analysis of the 
equation —4 jc® 4-7«^ —bx-4=0. 

fix. 5 (b) P. 103, Ex. 8 (d) P. 192. 

5. (i) Find by Horner's Method the positive root of the 
equation — 20x*'- 50x—375=0. 

(ii) Solve 2x®-31flc®-bll2^464=0 given that all the 
roots are commensurable. 

Q. 3. P. 208. 

1950 

!• Calculate Sturm’s remainders for’the biquadratic 

6i/^*4 40^4-3//*« 0 
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and discuss the nature of the roots of that equation with 
the help of those remainders. 

Ex. 13 P. 193, § 5 P. 196. 

2. Solve completely the equation 

-h i**—— 4Ar—8=0. 

given that two roots of its are commensurable. 

Find to four decimal places the negative root of the 
equation 

x® - -h 12x+24=0. 

Hint, (i) Multiply the roots by 2 and apply Newton’s 
method of divisors, (ii) -ive root of /(^)=0 is +ive root of 
/(-^)= 0 . 

3. If 

a {ax^'\-A.bx^-)r^cx^-V^dx-\-e)^{ax^-^'ipx-\-t) {ax^’-{-2qx-]-s) 
and r-fj—2 (c-2f/>), find the cubic equation giving 
Solve 2**4-6*®-3x*4-l=0. 

Ex. 9 P. 149, Ex. 4 P. 148. 

\J/T Given that 

find the value of 

If 0 , y and 8 be the roots of the equation 
form the equation whose roots are 
a (l+a*), i8 (1+n y (l-fi v«) and 8 (1+8*). 

Ex. 8 (b) P. 104. 

Find the condition that the roots of the equation 

**+3/>x*+3 g*+r =* 0 

may be in (i) A. P.,^, (ii) G. P., (iii) H. P. t Solve the equation 
in case (ii). 
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If x-\-ary-\-ar^z-\-aj^t=a^^ 2, 3, 4), find x,y, z 

and t. 

Q. 6 P. 27, Proceed as in Q, 14 P. 33. 


1951 


1. (a) If all the roots of the equation 

• + • • • +/'rt =0 

are real and negative, show that 

("rt" > 

(b) The coefficients in the equation 

+ + ... +«„=0 

arc connected by the relation 

= 0 . ^ 

n 1 » 

Show that it has at least one root between 0 and 1, 


2. "Prove Sturm’s theorem on the separation of the real 
roots of an e'jnation whose roots are unequal. 

Prove that the equation 

X® —x-10=0 

has two pairs of complex roots. 

§ 3 P. 179, *Ex. 10 P. 193. 

^ (a) Find the value of the symmetric functioa 
27 

ai«2 

of the roots of the equation 

T*he distances of three points A, JEf, C on a straight 
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line from a fixed origin O on the line are the iiroots of the 
equation 

ax^-\-Sbx'^-\-‘Scx-{-d.==0 ; 

find the condition that one of the points A, B, C should 
bisect the distance between the other two. 

Ex. 9 P. 95, Q. 7 P. 27. 

4. Give any method of solving the biquadratic 
equation 

ax*-{-4bx^ + Qcx^ + ^dx +0, 
and apply it to find the roots of 

x* — —Ox —5=0. 

§ 4 P. 131, § 7 P. 140, § 8 P. 144. 

5. (a) If/(x) be a rational integral algebraic function 
of X and a, ^8, y .... be the roots of/(:r)=0, prove that 

,_L+ 

Hence find the sum of the fourth powers of the roots of 
the equation 

X® 4- 4* 9^** 4- *=0. 

(b) If/(x) be a rational algebraic function of x and the 
roots of /(x)=0 be all real.-prove tliat the roots of 

/w.yv)-{/w=o 

are all imaginary. 

See F. 99 result 2. Simple. 

1952 

\jl^a) Find the relation connecting p, q, r in order that 
the cubic 

X®—/>x®4-—J*—0 

should have its rc5ots in harmonic progression. 
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\£b) If the roots (a, jS, y, 8) of the equation 

-f-48^®-f a;®- f-=0 

be so related that a-8, 8, y —8 are in harmonic progre¬ 

ssion, prove that ac€-\-2bcd — ad^ — bh — c^=^0, 

Q. 5 (a) P. 26, Ex. 2 P. 140. 

Explain any method of solving the cubic equa¬ 
tion x^-{-px + q*=0. 

(b) Show in any way you please that 

x^x'^ —‘2x — 1=0 

has three real roots, and determine the value of the greatest 
root to three decimal places. 

§ 1 P. 112, use Sturm’s Theorem, 

^ State and prove a method for obtaining the sum of 
the nth powers of the roots of a given equation. 

If a, /S, y... are roots of an equation,* and if S denotes 
-Ta*", prove that 

- S^S^-{-2S, - ^ 3 *. 

§ 2 P. 99, P. 111. 


* 4. (a) If all the coefficients in the equation 

be whole numbers, prove that the equation cannot have a 
fractional root. . 


(b) If the roots of th§ equation x” —1=0 are 1, 
a, jS, y...., show that 

(l-a)(l-)S)(l-y)....=n. 

§ 3. 198, Q. 9 P. 15. 

If the equation whose roots are the squares of 
the roots of the cubic 

Ac®-ajf®+6x —1=0 • 

is identical with the cdbic, prove that either a=8=0, 
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or fl=/)=rB or a, b are the roots of 

f-hy+2^Q. 

(b) Find the number and situation of the real roots of 

2^c^+3a:-4=0. 

§ 2 Page 198, Ex. 1 page 185. 

1953 

V<S5 Increase by 7 the roots of the equation 

and get the resulting equation. 

Solve the equation 

by removing the second term. 

Just as in Ex. 2 F. 44, remove the second term and 

proceed as in Ex. 1 and 2 P. 116, 117. 

» 

^/^Computc H and G for the cubic 

and H, G, /, J for the quartic 

2.t*+lCA:^- 2x^-{-x— 12=0, 
where H, G, I and J have their usual meanings. 

Discuss also the na.ture of tlie roots of the above 
quartic. 

§ 8 P. 51, use Sturm’s theorem or § 5 F, 196. 

3. Define the order and weight of a symmetric 
function, and explain their use in calculating the value 
of a symmetric function of the roots of an algebraic equation 
in terms of the coefficients, 

Calculate the value of where aj, a 2 ...a 5 

are the fifth roots of —1. 

§ 3 P. 109, See page 110 and put p=2 in 



Delhi University Papers (Solved) 


245 


4. State and prove Sturm’s theorem tor the case of 
unequal roots. 

Determine the integer nearest to each of the roots of 

AC®—d - 1=0. 

§ 3 P. 179. Sec solved examples of Sturm’s 
theorem, 

5. Provp that if a be any root of 

- (jAc^-b n - d “ d, 

so is (7a-*l:})/t-:ia-r>) ; and that a lioinographic relation 
of similar properties exists in the case of every (subic 
equation. 

1954 

^l.d'i) Find the value of the symmetric function 

9 t 9 

^ ap-t-a.,- 

of the roots of the equation , 

4-/AgX«-2-b.=0. 

(j?) The distances of three [joints A, B, C on a straight 
line from a fixed origin 0 on the line are the roots of the 
equation. 

flAc®-f-li^>x^-b3cx-b£/ = 0 ; 

hnd the condition that one of the points A, B, C should 
bisect the distance between the other two. 

Ex. 9 (i) P. 95, Q. 7 P. 27. 

2. State and prove Sturm's theorem for locating the 
real roots of an algebraic equation, no two o? the roots 
being equal. 

.Locate the real roots of x* —bx^-b'iSAc^—‘dr'.v-f-S=0. 

§ 3 P. 179, Q. 8 (c) P. 192. 

3, Obtain Newton’s formulae to'determine the sum 

V 

of the kih powers •of the roots of an ^equation of the nth 
degree. * 
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Hence express in terms of the coefficients of 

the general equation of the nth degree, where a, /8, y... 
are its roots. 

§ 2 page 99, Ex. 1 (iv) page 110. 

4. Discuss briefly, indicating the necessary conditions, 
the cases in which a biquadratic equation 

X*+ta;+ j=0 
is soluble by means of square roots only. 

^^Solve in any way 

-1-4=0. 

§ 5 page 133, proceed as in Ex. 3 page 147. 

5. Explain Newton’s method of approximating to 
the numerical value of any real root of an algebraic 
equation. 

The equation 10000= 0 has a root bet¬ 

ween 9 and 10. Prove this and find its value to four 
significant figures. 

See page 212, Q. 4, P. 230. 
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1951 

(a) Establish the relations between the roots and 
coefficients of a general equation of the «th degree. 

^(b) Find the condition that the roots of the cubic 

may be in harmonical progression. 

§ 1 P. 19, Q. 4 (a) P. 25. 

(a) Explain Descarte’s method of solving the 
biquadratic equation s=0. 

Solve the equation 

— 5=0. 

§7 P. 140, -1±V2. l±4i. 

3. (a) Prove that for an equation, all of whose coeffi¬ 
cients are integers, the coefficient of the highest power of 
the variable being unity, an integral root is a divisor of the 
constant term. 

Hence develop the proof of Newton’s method of divisors 
for finding the integral roots of a ^given equation with 
integral coefficients. 

(b) Find the commensurable roots of 

29*^-38*»+31*'-32a:+60=0. 

§ 2 P. 198, § 3 P. 200, Ex. 4 P. 207. 

\A^ If a, y be the roots of the cubic 

3cx-h(i=0, * 
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prove that the equation in^ whose roots are 

jSy - a®_ _ya — y^ 

^_jly_2a' y-fa — 2^’ «H-j3-2y 

is obtained by the transformation axy-\-b (Ar+^)+c= 0. 

Hence form the equation with the above roots. 

Ex. 5 P. 71, Ex. 6 P. 72. 


1952 

' 1. (a) Correct the mistakes (if any) in the following 
statements : For a correct statement write ‘C’ only. 

(i) An equation/ {x)—0 in which the coefficient of the 
first term is unity and the coefficients of the other terms 
rational numbers, cannot have a commensurable root which 
is not a whole number. 

(ii) Incomme'nsurable roots can be of the following 
three types only ;— 

L Roots involving V(“*F. 

2. Roots expressible as inteiminable decimal fraction. 

8 . Roots expressible as recurring decimal fractions. 

(iii) If n be the degree of f{x) and ft and the numbers 
of changes of sign in /(^)and /(-a;) respectively, then if 
ft-f ft'< n, the equation /(a:)=0 has exactly n-f/x-f-ft') 
imaginary roots. 

(iv) If two numbers a and b substituted for x in 
polynomial / (x) give results with the same sign, no real 
root lies between them and if they give of opposite signs 
then only one real root lies between them. 

(v) There can be polynomials having the following 
factors only :— 
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1 . 

2. [A:-aV(-5)][Ar-V(-5)-f3]. 

3. (.v+7-5i)Mx+7+5i). 

(b) Find, in terms ol the coefficients of the biquadratic 
equation « 4 = 0 , the value of the 

following symmetric function 

(a-S)H(y-a)2 (^_S) 24 .(a-.| 8)2 
where a, /?, y S are the roots. 

(i) In place of rational we should have integttil 
coefficients. 

§ 2 P. 198. 

(ii) (1) roots which are not imaginary. 

(•2 and 3) Sec ^ P. 198. 

(ill) Use the word at least in place of exactly. 

See P. 152 and 153. 

(iv) ^ 2 page 152. ‘No real root or an even number 
of real roots lie betw'ccn a and b.' 

‘At least one or an odd number of roots lies between 
them.’ 

(v) 1. Yes. 

2 . Imagit\ary roots occur in conjugate p,ajrs 

[^-3+V(-5)]rA:^8-V(-.5)l, 

3. (Afd-7 — oi)® (A:+7d-5/)^ An equation cannot have 
three imaginary roots. 

(B) See Ex. 1 (i) page 150. 

. 

^^'(a) Explain Cardan’s method of eolving the cubic 
equation . " 


jf®-(-(7x+r=0. 
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Solve the equation 

a:3-1Sx2-33^+847=0. 

§ I P. 112, Ex. P. 113. 

3. h'ind to four decimal places the root of th 
eciuation 

+4^3——11X-f 4= 0 

which lies between 1 and 2. 

, Q. 5 P. 226. 

Find the condition that the roots a, y, 3 of 
-\-px^ 4“ "b b -^ == 0 

should be connecced by the relation a/J=yS. 

Hence or otlicrwise find the cubic whose roots aro 

jSy — aS ya — /IS a/S — yS 

i8+y"-a-8’ y + a-i^-S’ a4-)8-y-S* 

Q, 10 (a) P. 29. Ex. 7 P- 74. 


1953 

vi^(a) Explain Cardon’s metho.i of solving llic cubic 


vjfb) Prove that roots of 

, x’3-8;e+l=0 


are 


^ y~ • 


§ 1 P. 112, Ex. 2 P. 117. 

The roots of the cubic 

are a, /I, y, FopTi the equation woose roots are 
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' Find the value of 

{3y ya + a,0 


where a, /3, y arc Ihe roots of the cubic 

^-f=0. 


Ex. 2 (iii) P. 68, Ex. 3 (i) P. 85. 

X 3, (a) Sho\y that all the roots of the equation 

can be obtained when they are in lurithmetical progression, 
(b) Solve the equation 

15 +70a:H 1 + < )4=0 

whose roots are in geometrical progression. 

Q. 15 P. 34, Q. 10 (a) P. 29. 

4, Find correcth’ to five decimal places the cube-root 
of bo by Horner’s proce^ss. 

Q. 6 P. 226. 


1954 


(a) Prove that in an equo.tion with real coefficients 

imaginary roots occur in pairs. 

Show that the equation 

C 2 //2 , 

' -4“ . . . .d-, 


"T L “T “f" • • ■ 

x—a'x—bx—c X 


has all real roots. 


§ 2-2 P. 4. Q. 6 (b) P. 14. . 

Find the condition that the root s of 
x^-\-px'^-^qx-\-r=Q 
may b6 in harmouical progression. 

v(b) Solve O.r® —gx-F2=0, given that its roots 

are in harmonical progression. 

See Qk 5 P, 25. 
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»/{a) Explain Descnrte’s method of solving the general 
biquadratic equation. 

Solve the equation 

X* - 2x2 -f. Sx - 3 == 0. 

§ 7 P. 140, Ex. 7 P. 86. 

4. Calculate by Horner’s method the root lying bet- 
■'.veen f and 2, of the equation x^ —7x4-7=0, correct to four 
places of decimal. 

Ex, 7. P. 226. 

1955 

1. (a) Explain a method for finding the supperior and 
inferior limits of the positi\e and negative roots of the 
equations / (x')=f0. Apyly your method to find a superior 
limit of the roots of the equations x^-x^ —2x2 —4x —2t=-U. 

(b) Find all the commensurable roots of the equation 
;c6j2P;t4_yi;^.3_p3;L^2_J^2x + ()0 = 0. 

g 6, 7 P. 175-176, Ex. 4 P. 207. 

jS, y are the roots of the equation 
x^—px^-{-qx - r—0, 

find the value of (i) tii) (i^+y) (y+a) (a+/8). 

(b) If a, j8, y, 8, e ate the roots of the equation 

prove that ‘ S(t?py~lac — oH. 

E^. 1 (v) P. 84, see P* 87. 

3. (a) Diminish the roots cf 

by h and find the condition in order that the second and 
third t^m be removed simultaneously. 

, Jb) li OL, Pi y are the roots of the cubic x^+Sx-1-2—0, 
find the equation whose roots are ^ 

(a - jS) (a - y), {fi - y) - a), (y - a) (y - p). 



Punjab University Papers (Solved) 


253 


Hence show that the cubic has two imagi¬ 

nary roots. Verify this by using Descarte’s rule of signs. 

§ 9 P. 52, H=0, Ex. 8 (a) P. 74. 

(a) Explain Descarte’s method of solving the bi¬ 
quadratic equat.on rx-f ^==0. 

(b) Solve die equations —5=0. 

§ 7 P. 140, proceed as in Ex. 1 P. 141. 

• p^=4:etc. -l±2i, 1+V2. 

1956 

1. Find the equation whose roots are the squares of 
the loots of the quartic equation 

Hence or otherwise show that if a, y, 8 are four 
numbers such that 

Va-f- 

then (HaiSyS -[42:a/3-(ra)2]2=0. 

Sec Q. 1 (b) P. 59, See Ex. 1 (d) P. 60. 

^ (a) Find the condition that two roots of the cubic 

equation 

x^ ~hx^-\-cx — d^^ 

be equal. . , 

^by" If Xj y, z are three numbers such that 

x^-\-y^-{-z^=^% 
and x3-fy-{-^3=s3, 

form the equation whose roots are .v, y^ z and hence or 
otherwise find the, value of 
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Case III. P. 8J, or Ex. 4 alternative method P. 128, 
see Q. 8 (c), P. 104. 

Explain Cardan’s method of solving the cubic 

equation 

x^-\~qx + r=Q. 

Solve the equation x®— 2Lx — 844=0. 

§ 1 P. 112, see Ex. 1 (i) P. 117. 

4. Eind correct to four decimal places the real root 

lying between 0 and — i of the equation 4-4=0. 

Proceed as in solved Ex. 4 P. 224 etc. 

« 
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Find the equation whose roots are the cubes 
of the roots of 

... -f 

, N^') ■ Solve the equation 

X*- 10x3+27^2 - lOx - 1(5=-0, 
it being given that the sum of two of its roots is 5. 

Hint. Sum of two roots=sum of the other two-=5. 


£z. 2 (a) P. 60, Q,. 9 P. 27. 

Determine the method of finding the sum of tiie 
rth powers of the roots of an algebraic equation. 

If a, b, c,..: are the roots of the equation 

, . . . ==/>n-l^+/'n = 0, 

show that 

4 . ^ . f!. ii . i!. i! + 

a ^ c ^ a ^ c ^ b 

Hint. 2 : --Ta etc. 

P ' a 

§ a P. 99, See E®. 9 (iv) P. 95. 

>2, A) Give Descarte’s method of resolving the quartic 
into quadratic factors. 

(b) If oc, j 8 , y, 8 be the roots of the above quartic equa- 
ted to zero, show that 

82G 


/'(«)+/'(^)+/'W+/'(S)= 


,2 » 


where G has its usual meaning. * ^ 

(a) § 7 P. 140, (b) Ex. 15 P. 169s ft. 3 P. 185. 
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4» (h) Give Newton’s method for finding an upper 
limit to the roots of a given equation, and use it to find the 
integral part of the greatest root of 

-. 11 :^- 100 = 0 . 

(b) Locate the position of the real root of the equation 

x»+29x-97=0 

and explain fully how Horner's method can be used to 
determine a real root of an equation correct to any number 
of decimal plac*es. 

P. 177, § 5 P. 209 and Ex. i o P.aaS. 

1952 

1. (a) Pr(we that if two numbers a and 6, when substi-- 
tilted for X in the polynomial J{x\ give results with contrary 
signs, an odd number of real roots of the equation / 
lie between them ; and if they give results with the same 
S’.gn, either no real root or an even number of real roots 
lie between them. 

(b) (i) Find the nature of the roots of the equation 

\J^) If a, /?, y be the roots of the cubic 

form an equation whose roots shall be 

' 08 -y)*, (y-*a)*. 

§ a P. 152, Ex. I P. 155, §.13 P. 78. 

V Explain Ferrari's method of resolving the quartic 
ax^-^4bx^-{-(jcx^-\-Adx-^e 
into its quadratic factors. 

Hence solve the equation 

+ 2x® - 7 X* — 8x+12=» 0. 

§ 8 P.. 144, Ex. 3 P, 147. 
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3. (a) Prove that every rational symmetric function 
of the roots of an algebraic equation can be expressed 
rationally in terms of the coefficients. 

If a, i 0 , y be the roots of the cubic 

r=0, 

calculate 

§ 3 P. 109, Ex. 4 (a) P. 102. 

4. (a) State Sturm’s theorem on the location of real 
and unequal roots of an equation. 

(b) Use Sturm’s method to show that the equation 

A; 4 - 12 ;f+ 7--=0 

has a root between 2 and 8. Find it by Horner’s method 
to 4 places of decimals. 

§ 3 P. 179, Ex. 7 P. 192, Ex. 2 P. 220. 

c 

*953 

I. (a) If an equation/( a')= 0 . whose coefficients are all 
real quantities, have for a root the imaginary expression 
a-}-i8V(“l), prove that it must also have fora root the 
conjugate imaginary expression a~j8V(“l)* 

If a, / 3 , y be the roots of the cubic 
flx®-f-36x2+=0, 
form an equation whese roots are 

fly —afl—y2 

fl+y-2a’ y-|-a-2^’ ot-f-^-‘2y * 

§ 2*2 P. 4) Ex. 6 (a) P. 72. 

Explain Cardan’s method of solving the cubic 

equation 

' flx*4-36x2+3cx-}-ff==0. 

‘ Hence solve the equation 

xa- 15 x 2 + 33 x-f 847 = 0 . 
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§ I P* Eac. P. 113 bottom line. 

3. (a) Prove that the sums of the similar powers of 
the roots of an equation can be expressed rationally in terms 
of the coefficients. 

If a, /S, y be the roots of the cubic ( 7 x+/>=: 0 , 
find the value of 



§ 2 P. 99, Ex. 3 (v) P. 86. 

4. Explain Horner’s method of solving the numerical 
equation. The cubic x® — 3 x-bl —0 has a root between 1 
and 2 . Calculate it to five places of decimals. 

g 5 P. 209, Q,. 2 P. 227. 

*954 

I. (a) State Descarte’s rule of signs. 

Show that the equation x*-ax^-bx-c =0 has one 
positive root, one negative root and two complex roots, 
for all positive values of a, b and c. 

(b) The cubic 

"b'^^2^ "b ^3 “ ^ 

has three roots a, /8, y. Find the equation whose roots are 
(j 3 -y )2 and (y-a)^ and explain how its coefficients 
may be uSed to determine the nature of the roots of the 
original cubic. 

§ I P. 150, as in Ex. 1 P. 155, § 13 P. 78. 

\j^ Explain fully Descarte’s method of solving the 
biquadratic 

ax^+4 fcx®+fif +^ == 0* 

Hence solve tjic equation 

x*-3x2-42x-40=(]r. 

§ 7 P. 140, Ex. I P. 141. 
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3. (a) Prove that the sums of the similar powei s of 
the roots of an equation can be expressed rationally in 
terms of the coefficients. 

(b) State and explain Sturm’s theorem. 

Find the number and position of the real roots of the 
equation .v®—10x®4-6x+l=*0. 

§ 2 P. 97, § 3 P. 179, Ex. 6 P. 191. 

9 

4* lixplain Horner’s method of solving the numerical 
equation. The equation 7=0 has a root between 

— 1 and 0 . Calculate it correctly to seven decimal places. 

§ 5 P. 209, Ex. 1 P. 227. 

*955 

Find the equation whose roots arc the roots of 
each diminished bv B. 

^ I 

-(^^The roots of the cubic 

are a. y ; from the equation whose roots are 
11 1 11 1 11 1 
y® ' a® jS® ’ a® j8® y®’ 

Ex 1 P. 43, Q,. 3 (c) P. 69. 

Explain fully pcscarte’s method of solving the 
biquadratic 

ax*4-^=0. 

Hence solve the equation 

X*- 3x®- Cx-2=*0. 

7 P. X409 as Ex. i P. 141. 

3.‘(a) In any equation 

x«+P,x«"HPj,x"-a4-...-hP„.iX+P„=0, • 
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if the first negative term be and if the greatest 

negative coefficient be — then prove that 

is a supperior limit of the [positive roots. Hence find a 
superior limit of the positive roots of the equation 

- 5 40 ;,;a ^ 23=0. 

(b) Find the nature of the roots of the equation 

- 7 a:+ 2 — 0 . 

4. Explain Horner’s method of solving the numerical 
equation. 

Find to seven decimal places the root of the equation 

Ar^-l‘ 2 .v+ 7-0 
wliich lies between 2 and 3 . 

See P. 209, Ex. 2 P. 220. 

* 95 ^ 

I. (a) Prove that imaginary roots enter equations in 
pairs. 

Prove that if two numbers a and b, substituted for x 
in the polynomial / (ac), give results with contrary signs, an 
odd number of real roots of the equation/ (jf)=0 lies bet¬ 
ween them ; and if they give results with the same sign, 
either no real roots or an even number *.of real roots lies 
between them. ' > 

If «, / 3 , y be the roots of the cubic x® 4 -?^+.r= 0 , 
4 ind.the value of 

a®+/3y 
'i8+y ■ 

§ 2*2 P. 4, § a P. 15*, Ex. 3 (v) P. 8^. 

2. (a) Find the equation of the squared differences of 
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the cubic 0, and discuss the criterion 

of the nature of the roots of the cubic. 

If a, j 3 , y be the roots of the cubic 

+8f X+rf=0, 

find the equation whose roots are 

jSy — ya — jS® iX/3 — y^ 

j8+y - 2a ’ y+a“-^2i8 ’ a+^2y * 

§ *3 P- 79> E*. 6 P. 72 . 

3 ^^) .Explain Cardan’s method of solving the cubic 
equation ax^-^2bx^^?cx-\-d=0. 

Hence solve the equation 


(b) Prove that if in any equation each negative coeffi¬ 
cient be taken positivel}^ and divided by the sum of all the 
positive coefficients which precede it, the greatest quotient 
thus formed increased by unity is a superior limit of the 
positive roots. Find a superior limit of the positive 
roots of 

_ 0;^6^ 11 ;^24.ex-B== 0 . 


§ I P. 1X2) Proceed as in Ex. P. 113. 

t quadratic in (/— 27 ) (/ — 8 )= 0 . 

/. «* 3 , &= 2 etc.c Ans. 


5 . 


-5 4 

2 " “■ 


4. State Sturm’s theorem and 'apply it to find the 
r umber and position of the real roots of the equation 

X® 4 -X® 4 -X —100 JsaO. 

Find by Horner’s method the positive roots of the 
above^equation correct to four decimal places. 

§ 3 P. 179, Eas.^’X P. 2x4. 












